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Determinar el origen del mecanismo de generacio´n de masas y comprender la ruptura de la
simetr´ıa electrode´bil sera´n, sin duda, uno de los mayores logros para la F´ısica de Part´ıculas
de este siglo. Durante las u´ltimas de´cadas de investigacio´n en este campo, la propuesta del
Modelo Esta´ndar (SM) [1] y su verificacio´n experimental hasta un enorme grado de precisio´n
sugieren fuertemente que la u´ltima pieza restante del rompecabezas, el boso´n de Higgs [2], sera´
pronto descubierta. En el marco del Modelo Esta´ndar, la hipo´tesis de un u´nico doblete de
Higgs es suficiente para romper de forma satisfactoria la simetr´ıa SU(2) electrode´bil, dando
masa a los bosones gauge. Adema´s, con la incorporacio´n adicional de interacciones de Yukawa,
tambie´n proporciona un mecanismo adecuado para generar las masas de quarks y leptones. El
descubrimiento del boso´n de Higgs se ha convertido en una de las motivaciones principales para
la construccio´n del pro´ximo Gran Colisionador de Hadrones (LHC) en el CERN, que sera´ capaz
de explorar energ´ıas a la escala del TeV. Hasta el momento, las medidas de precisio´n del sector
electrode´bil realizadas favorecen un Higgs ligero del SM con masa no muy superior al l´ımite de
exclusio´n de 114.6 GeV [3].
A pesar del gran e´xito del Modelo Esta´ndar, parece evidente que ha de ser considerado como
un modelo que necesita ser extendido para explicar la F´ısica a energ´ıas mayores. La razo´n
de ir ma´s alla´ es, sencillamente, porque el Modelo Esta´ndar resulta insuficiente para resolver
muchas preguntas de gran importancia, como el origen del nu´mero de generaciones de materia,
la fuerte jerarqu´ıa de masas presente en quarks y leptones (es decir, la jerarqu´ıa de los acoplos
de Yukawa) o las correcciones cuadra´ticas a la masa del Higgs, que de forma natural tienden a
situarla a una alta escala de energ´ıa. Adema´s de estas cuestiones, otros problemas relevantes a
nivel fundamental, como son la incorporacio´n de la gravedad en la teor´ıa o la unificacio´n de las
fuerzas, siguen siendo un misterio en el marco Esta´ndar.
Un apartado especialmente intrigante es el del nu´mero de generaciones de quarks y leptones.
Desde un punto de vista fenomenolo´gico y experimental, tenemos fuertes motivos para aceptar
que existen so´lo tres copias de quarks up y down, as´ı como de leptones cargados y neutrinos
activos. No obstante, desde un punto de vista teo´rico, existen pocas pistas sobre el origen de
esta multiplicidad. La condicio´n de cancelacio´n de anomal´ıas requiere un nu´mero ide´ntico de
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familias, pero no an˜ade ninguna informacio´n a su nu´mero total. Sobre la posibilidad de poseer
una replicacio´n en el sector de Higgs, vale la pena mencionar que el nu´mero de part´ıculas de
Higgs que toman parte en la ruptura electrode´bil no esta´ predicha ni restringida por la teor´ıa, y
que el u´nico motivo de considerar so´lo un Higgs en el Modelo Esta´ndar obedece principalmente
a un criterio de mı´nimo en el contenido de materia.
El ma´s firme candidato a remediar algunas de las limitaciones del SM es probablemente la
Supersimetr´ıa (SUSY) [4]. En las teor´ıas supersime´tricas, la inclusio´n de un mismo nu´mero de
grados de libertad fermio´nicos y boso´nicos garantiza la ausencia de divergencias cuadra´ticas en la
masa del Higgs, gracias a la cancelacio´n de diagramas divergentes. Dicha cancelacio´n proporciona
una jerarqu´ıa estable entre la escala electrode´bil y la escala de Planck. Adicionalmente, la versio´n
local de la supersimetr´ıa, conocida como Supergravedad (SUGRA) [5], lleva a una unificacio´n
parcial con la gravedad. No obstante, el hecho de que las part´ıculas supersime´tricas au´n no hayan
sido observadas nos sugiere que dicha simetr´ıa ha de estar rota a una energ´ıa caracter´ıstica mayor
que la escala electrode´bil.
Hasta la fecha, la teor´ıa de cuerdas [6] es la u´nica teor´ıa capaz de unificar todas las interac-
ciones de una forma consistente y renormalizable, proporcionando un marco propicio para una
gravedad cua´ntica, y siendo capaz de unificar la fuerza gravitatoria con las interacciones fuertes y
electrode´biles. Todo ello hace de la teor´ıa de cuerdas un candidato prometedor a convertirse en la
“teor´ıa del todo”. Histo´ricamente, la teor´ıa de cuerdas fue desarrollada como una posible teor´ıa
de las interacciones fuertes [7]. En esta formulacio´n, los diferentes hadrones correspond´ıan a los
modos de oscilacio´n de la cuerda. Esta propuesta dio una visio´n unificadora (aunque no exenta
de ciertos problemas) en la que la cuerda era postulada para explicar los distintas part´ıculas
observadas. Algo ma´s tarde, cuando la Cromodina´mica Cua´ntica (QCD) fue desarrollada, la
teor´ıa de cuerdas cayo´ en el olvido. Pero pasados algunos an˜os, resulto´ ser adecuada para
cumplir un ambicioso propo´sito: la construccio´n de una teor´ıa final con el potencial de dar una
descripcio´n completa de todas las fuerzas de la naturaleza y explicar tanto la f´ısica de part´ıculas
como la cosmolog´ıa, empleando la cuerda como u´nico objeto fundamental cuyas vibraciones
generan todo el espectro de part´ıculas (incluyendo una part´ıcula sin masa de spin dos que puede
asociarse con el gravito´n).
Uno de los principios ba´sicos de la teor´ıa de cuerdas es considerar las part´ıculas como objetos
extendidos en lugar de puntuales, a diferencia de lo que sucede en teor´ıa cua´ntica de campos.
Cuando la cuerda evoluciona en el tiempo, barre una superficie bidimensional en el espacio-
tiempo, conocida como la worldsheet u “hoja de mundo”, que representa la contrapartida de
una “l´ınea de mundo” para una part´ıcula puntual. En teor´ıa cua´ntica de campos analizada como
teor´ıa de perturbaciones, las contribuciones a las amplitudes se asocian a diagramas de Feynman,
que representan las posibles configuraciones de las l´ıneas de mundo. Del mismo modo, las
expansiones perturbativas en teor´ıa de cuerdas implican hojas de mundo de diferentes topolog´ıas.
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La existencia de interacciones en teor´ıa de cuerdas puede ser comprendida como la conse-
cuencia de la topolog´ıa de la hoja de mundo en vez de una singularidad local de la l´ınea de
mundo. Esta diferencia con las teor´ıas en las que las part´ıculas se estudian como puntos tiene la
importante consecuencia de que, dado que las interacciones de la cuerda no poseen singularidades
de corta distancia, las amplitudes en teor´ıa de cuerdas no presentan divergencias ultravioleta,
haciendo que la escala de la cuerda actu´e como “cutoff”.
Probablemente, una de las consecuencias ma´s sorprendentes de la teor´ıa de cuerdas es que
so´lo es consistente para un nu´mero espec´ıfico de dimensiones espacio-temporales. En la formu-
lacio´n boso´nica de la teor´ıa, carente de supersimetr´ıa y donde u´nicamente hay bosones presentes
en el espectro, esta dimensio´n es veintise´is [8]. En la formulacio´n de supercuerda, que contiene
adema´s fermiones y supersimetr´ıa, el nu´mero de dimensiones espacio-temporales compatible con
la cancelacio´n de anomal´ıas es diez [9]. En consecuencia, para poder relacionar la teor´ıa de cuer-
das con el mundo de cuatro dimensiones, la hipo´tesis ma´s directa es pensar que las dimensiones
extra esta´n enrolladas en una variedad interna, con un taman˜o suficientemente pequen˜o como
para haber escapado a la deteccio´n. Esta idea fue originalmente propuesta por Kaluza y Klein
en los an˜os veinte [10, 11] y hoy en d´ıa se conoce con el nombre de compactificacio´n.
La primera revolucio´n de las supercuerdas comenzo´ en 1984, cuando se produjo un paso fun-
damental en la bu´squeda de teor´ıas de dimensiones superiores. Trabajando en el formalismo de
la supercuerda y considerando un marco supersime´trico de N = 1, Green y Schwarz observaron
que en escenarios de diez dimensiones no se produc´ıan anomal´ıas si el grupo gauge era SO(32) o
E8×E8 [12]. Ba´sicamente, estos extensos grupos gauge eran necesarios para cancelar cualquier
anomal´ıa proveniente del gravitino en diez dimensiones. Un an˜o ma´s tarde, la propuesta del
formalismo de la cuerda hetero´tica [13] supuso una solucio´n a este problema, ya que conten´ıa la
realizacio´n de estos grupos gauge como los modos de winding o arrollamiento de los modos de
oscilacio´n de las cuerdas cerradas. La cuerda hetero´tica esta´ construida utilizando el formalismo
de veintise´is dimensiones de la cuerda boso´nica para los modos left-mover y el formalismo de
la supercuerda en diez dimensiones para para los modos right-mover. Esta no equivalencia de
dimensiones fuerza a las diecise´is dimensiones boso´nicas restantes a ser compactificadas en un
toro que, para dar una teor´ıa consistente, debe corresponder exactamente al a´lgebra de Lie de
SO(32) o de E8 × E8.
Histo´ricamente, la cuerda hetero´tica E8 ×E8 ha sido estudiada con una mayor profundidad
que la SO(32). Esto se debe principalmente a la relacio´n del grupo E8 × E8 con los grupos de
unificacio´n ma´s prometedores, como SO(10) o SU(5). Desde este punto de vista, resulta notable
que la representacio´n adjunta de E8×E8 contenga la representacion espinorial de SO(10). Pero lo
mismo no sucede en el grupo SO(32). E´ste es el motivo fundamental de que la cuerda hetero´tica
E8 × E8 haya sido el marco preferente en el que buscar un modelo esta´ndar de cuerdas.
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Otro ingrediente crucial para alcanzar un modelo realista en teor´ıas de diez dimensiones es
el poder obtener fermiones quirales tras la compactificacio´n, ya que experimentalmente sabemos
que las interacciones de´biles no tratan de la misma forma las componentes “left” y las “right”.
En el formalismo del Modelo Esta´ndar, esto es equivalente a decir que el grupo SU(2) del grupo
SU(2) × U(1) electrode´bil no actu´a trivialmente para las componentes quirales “left-handed”.
Bajo la hipo´tesis ma´s simple, que resulta de compactificar seis de las diez dimensiones en un
toro T6, la supersimetr´ıa N = 1 se convierte en una supersimetr´ıa N = 4 en cuatro dimensiones.
Sin embargo, sabemos que las teor´ıas supersime´tricas con N ≥ 2 son automa´ticamente no
quirales [6], por lo que si empleamos la supersimetr´ıa para solucionar el problema de jerarqu´ıa
gauge, la u´nica posibilidad desde el punto de vista fenomenolo´gico es emplear una teor´ıa N = 1
en cuatro dimensiones. Por todo ello, el primer criterio de compactificacio´n de una teor´ıa
de cuerdas diez-dimensional es requerir SUSY N = 1 y, como consecuencia, la existencia de
fermiones quirales en la teor´ıa efectiva de cuatro dimensiones.
La solucio´n a este problema vino de estudiar cua´l deb´ıa ser el espacio ma´s apropiado en
el que compactificar la cuerda hetero´tica. Para responder a esta pregunta, debemos comenzar
por reducir las diez dimensiones a un espacio de Minkowski de cuatro dimensiones por un es-
pacio interno compacto de seis dimensiones. Candelas et al. [14] demostraron que la condicio´n
para conservar una supersimetr´ıa N = 1 era requerir que el espacio interno poseyera holonomı´a
SU(3), es decir, que deb´ıa existir un espinor covariantemente constante en la variedad interna
seis-dimensional. Los espacios con holonomı´a SU(3) fueron conjeturados y demostrados re-
spectivamente por Calabi [15] y Yau [16]. La compactificacio´n de la cuerda hetero´tica en una
variedad Calabi-Yau rompe 3/4 de la supersimetr´ıa original N = 4 obtenida por compactifi-
cacio´n toroidal. Los modelos Calabi-Yau parec´ıan ser en un primer momento la clave de la
fenomenolog´ıa de cuerdas, pero muy pronto se mostraron como una herramienta complicada
con la que construir modelos.
Para reducir la supersimetr´ıa N = 4 hasta N = 1, Dixon, Harvey, Vafa y Witten [17]
introdujeron un sencillo espacio de compactificacio´n conocido como orbifold. El orbifold an˜ade
grupos discretos sobre la compactificacio´n toroidal, introduciendo puntos fijos en el espacio
interno. La existencia de dichos puntos impide que el orbifold sea una aute´ntica variedad, ya
que producen singularidades co´nicas en las que el orbifold deja de ser isomorfo a un espacio plano
R6. No obstante, esas singularidades pueden ser eliminadas cortando los puntos fijos y pegando
la frontera con superficies de disco con el mismo nu´mero de Euler. Por lo tanto, un orbifold ha
de ser considerado como un l´ımite singular de una variedad Calabi-Yau y, de hecho, para un
observador a baja energ´ıa, el orbifold resulta un espacio tan bueno como un Calabi-Yau. Otra
importante propiedad de la compactificacio´n en un orbifold es la simplicidad en su formulacio´n
(casi equivalente a la compactificacio´n en un toro), que nos permite calcular fa´cilmente sus
propiedades fenomenolo´gicas ma´s interesantes, como su espectro de part´ıculas a baja energ´ıa,
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el potencial de Ka¨hler o la intensidad en sus acoplos de Yukawa. Toda esta informacio´n resulta
indispensable para conectar cualquier teor´ıa de cuerdas con el Modelo Esta´ndar y sus sen˜ales
experimentales.
Con el objetivo de encontrar construcciones de cuerdas con el Modelo Esta´ndar como l´ımite
de baja energ´ıa, a finales de los an˜os ochenta se hizo un gran esfuerzo para encontrar modelos
de orbifolds con grupos gauge SU(3) × SU(2) × U(1)Y y un contenido de materia realista. Se
demostro´ que el uso de modelos de orbifolds Z3 con l´ıneas de Wilson [17, 18] (integrales de l´ınea
cerradas a lo largo de la direccio´n tangente al campo gauge) pod´ıan llevar de forma natural
a espectros de baja energ´ıa con tres generaciones de part´ıculas esta´ndar junto con una cierta
cantidad de materia exo´tica, as´ı como un grupo gauge SU(3)×SU(2)×U(1)n×Goculto [19, 20].
Posteriormente, se realizo´ el ca´lculo de las cargas U(1) de dichos modelos, junto con el estudio de
sus mecanismos de cancelacio´n de anomal´ıas [21], dado que normalmente exist´ıa un U(1) ano´malo
tras la compactificacio´n [22]. Ello llevo´ a comprobar que la construccio´n de ciertas combinaciones
lineales de los U(1) no ano´malos pod´ıan ser identificadas con la hipercarga de las part´ıculas del
Modelo Esta´ndar, aunque se verifico´ que el sector oculto estaba en general mezclado con el
sector observable a trave´s de las cargas U(1). Afortunadamente, tambie´n se encontro´ que la
presencia de un te´rmino D de Fayet-Iliopoulos (FI) [22] como consecuencia del U(1) ano´malo
pod´ıa proporcionar una ruptura adicional de los U(1), junto con la separacio´n del sector oculto
previamente mezclado [21, 23, 24]. Esto sucede ya que, para conservar la supersimetr´ıa a altas
energ´ıas, algunos escalares con cargas U(1) adquieren valores esperados de vac´ıo (VEVs) para
cancelar el te´rmino D. De esta forma, fue posible construir en modelos supersime´tricos donde el
grupo gauge original se romp´ıa hasta un SU(3)×SU(2)×U(1)Y esta´ndar con tres generaciones de
materia [24, 25]. Adema´s, como un efecto extra de la ruptura FI, mucha de la materia exo´tica
se desacopla del espectro de baja energ´ıa, proporcionando el espectro del Modelo Esta´ndar
Supersime´trico Mı´nimo (MSSM) junto con algunas part´ıculas extra (tripletes de SU(3), dobletes
de SU(2) y singletes de SU(3)× SU(2)).
El empleo de compactificaciones de orbifolds propociona tambie´n la capacidad de calcular
expl´ıcitamente todos los acoplos de Yukawa de la teor´ıa, con una interpretacio´n puramente
geome´trica [26–35]. Se puede demostrar que la intensidad de las interacciones de Yukawa pueden
ser consideradas como un efecto de distancia entre las part´ıculas situadas en los puntos fijos del
espacio del orbifold. Estas distancias diferentes se traducen en una supresio´n exponencial de los
acoplos de Yukawa relacionada con losmoduli del orbifold, ofreciendo una interesante explicacio´n
del patro´n experimental de las masas y mezclas de quarks y leptones, ya que en el contexto del
Modelo Esta´ndar permanecen como para´metros iniciales fijados a mano. La forma en que los
modelos de orbifolds proporcionan una solucio´n a este problema los hace muy atractivos, no
so´lo desde un punto de vista teo´rico sino tambie´n a nivel pra´ctico, dado que todos los acoplos
pueden ser calculados y contrastados con el experimento de forma sistema´tica.
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En cuanto a la fenomenolog´ıa de los escenarios de orbifolds, la caracter´ıstica gene´rica comu´n
a todos los modelos es la existencia de materia extra a baja energ´ıa. Concretamente, una de las
propiedades ma´s peculiares de algunos modelos Z3 es la triple replicacio´n de toda la materia,
incluyendo el sector de Higgs. Obviamente, cuando se incluye ma´s de un doblete de Higgs en el
espectro, se ha de esperar una fenomenolog´ıa mucho ma´s extensa [36–43]. No´tese, por ejemplo,
que la presencia de seis dobletes de Higgs en el MSSM implicar´ıa la existencia de veintiu´n bosones
f´ısicos de Higgs, once de los cuales son neutros y diez cargados. Por otra parte, es bien conocido
que cuando un tipo de fermiones recibe sus masas a trave´s de ma´s de un doblete de Higgs, se
pueden producir corrientes neutras con cambio de sabor (FCNCs) a nivel a´rbol potencialmente
peligrosas [44, 45]. Esto sucede porque las transformaciones que diagonalizan las matrices de
masa no diagonalizan, en principio, las interacciones de Yukawa. E´sta ser´ıa precisamente la
situacion en los modelos de orbifold previamente comentados, ya que habr´ıa tres generaciones
de Higgses dando masa a cada fermio´n. En general, el l´ımite ma´s restrictivo a los procesos con
cambio de sabor viene de la pequen˜a diferencia de masas existente entre los kaones KL y KS
[46, 47], pero dependiendo de la textura de Yukawa espec´ıfica dada, este efecto puede tambie´n
ser importante en otros sistemas de mesones neutros o incluso en el sector lepto´nico. Existen dos
aproximaciones a la hora de resolver este problema. En uno de ellos se asume que los Higgses
adicionales son suficientemente masivos como para no contradecir los datos experimentales [46–
50]. En la otra aproximacio´n, la existencia de ciertas simetr´ıas entre los acoplos de Yukawa
elimina completamente las FCNCs [44]. El ejemplo ma´s sencillo de esta posibilidad ser´ıa cuando
los acoplos de los Higgses extra y los fermiones esta´n prohibidos. Otra posibilidad de eliminar
el cambio de sabor es que las matrices de Yukawa sean proporcionales.
Una posible forma de resolver este problema en escenarios de orbifolds es evitar la presencia
de los Higgses extra del espectro hacie´ndolos lo suficientemente masivos como para desacoplarse,
a causa de algu´n tipo de ruptura asime´trica [51] por medio de te´rminos no renormalizables.
Sin embargo, no debemos olvidar que un escenario con mu´ltiples Higgses esta´ en principio
siempre permitido por la teor´ıa, con la restriccio´n de que los l´ımites experimentales sobre FCNCs
permanezcan bajo control. En este sentido, resulta muy interesante analizar la capacidad de los
modelos multi-doblete para respetar las cotas experimentales, as´ı como estudiar su fenomenolog´ıa
asociada.
En consecuencia, y a modo de resumen, la motivacio´n principal de este trabajo viene de
la idea de estudiar los escenarios supersime´tricos con tres familias de Higgses, aplicando los
resultados obtenidos a modelos de orbifolds Z3 provenientes de la teor´ıa de cuerdas. Aunque en
nuestro ana´lisis estudiamos modelos de orbifolds, se podr´ıa generalizar fa´cilmente a otros modelos
de cuerdas con propiedades similares, utilizando la misma estrategia. Como veremos a trave´s
de los distintos cap´ıtulos, la multiplicidad de familias de Higgs posee numerosas consecuencias
fenomenolo´gicas. El requisito ma´s importante de los escenarios de orbifolds estudiados sera´ el
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poder proporcionar masas realistas a los quarks y a los leptones, reproduciendo sus patrones de
mezcla y respetando al mismo tiempo las cotas en los procesos con cambio de sabor.
Este trabajo se organiza del siguiente modo. En el Cap´ıtulo 1 repasaremos las propiedades
ma´s importantes relacionadas con el formalismo de la cuerda hetero´tica y los rudimentos de
la compactificacio´n en orbifolds, explicando las diferentes te´cnicas necesarias para conseguir
escenarios con grupos gauge esta´ndar y tres generaciones de materia, mediante el embedding de
los grados de libertad gauge y el empleo de l´ıneas de Wilson. Expondremos tambie´n el problema
de la cancelacio´n de anomal´ıas en estos escenarios y su solucio´n mediante el te´rmino D de Fayet-
Iliopoulos. Veremos que dicha cancelacio´n posee fuertes implicaciones f´ısicas, como la reduccio´n
del grupo gauge o la obtencio´n de un espectro realista de part´ıculas.
En el Cap´ıtulo 2 analizamos detalladamente las caracter´ısticas principales de un modelo
gene´rico supersime´trico con tres familias en el sector de Higgs. Presentaremos las expresiones
de las condiciones de mı´nimo del potencial y de las matrices de masa, dando una estimacio´n del
fine tuning esperado en el modelo. Estudiaremos los efectos de un modelo de mu´ltiples Higgses
en las interacciones del sector quark con FCNC, gracias a la ayuda de un modelo de juguete
basado en interacciones de tipo Fritzsch, discutiendo que´ tipo de sector de Higgs es compatible
con los experimentos. Haremos el mismo ana´lisis para diferentes sistemas de mesones neutros.
En el Cap´ıtulo 3 presentamos la estructura de Yukawa y las matrices de masa de un escenario
de orbifold Z3 gene´rico, teniendo en cuenta las implicaciones de la ruptura FI. Analizaremos la
viabilidad de dichos escenarios para proporcionar masas y mezclas realistas en el sector de los
quarks, sin contradecir los l´ımites experimentales en los procesos con cambio de sabor.
En el Cap´ıtulo 4 realizaremos un estudio ana´logo para el sector lepto´nico. Mostraremos que
los orbifolds Z3 son tambie´n capaces de generar masas para los leptones cargados en acuerdo
con los experimentos, respetando las cotas en los procesos con violacio´n del sabor lepto´nico.
Extenderemos el ana´lisis al sector de los neutrinos, encontrando que las compactificaciones de
orbifolds ofrecen varias posibilidades interesantes para generar mecanismos efectivos de tipo
seesaw, dando lugar a neutrinos realistas.




The determination of the origin of mass generation and the complete understanding of the
electroweak symmetry breaking should doubtlessly be a major goal for high-energy physics in
this century. During the last decades of research on this field, the proposal of the Standard
Model (SM) [1] of particle physics and its experimental verification to an extremely high degree
of precision strongly suggest that the last piece of the puzzle, the Higgs boson [2], will soon be
detected. In the Standard Model, the assumption of just one Higgs SU(2) doublet is enough to
account for the succesful breaking of the electroweak symmetry and the mass generation for the
gauge bosons. Moreover, with the additional inclusion of Yukawa interactions, it also provides
a nice mechanism for giving masses to quarks and leptons. The discovery of the Higgs boson is
one of the main motivations for the construction of the upcoming Large Hadron Collider (LHC)
at CERN, which will be able to explore energies at the TeV scale. Until now, the electroweak
precision measurements favour a relatively light SM Higgs boson not too far above the direct
exclusion limit of 114.6 GeV [3].
Despite the great success of the SM, it is clear that it should be regarded as a model that
needs to be extended in order to describe physics at higher energies. The reason for going
beyond is simply because the SM is unable to solve many important questions, such as the
origin of matter generations, the strong mass hierarchy between quarks and leptons (that is the
hierarchy in the Yukawa couplings) or the quadratic quantum corrections to the Higgs mass,
which naturally tend to push it to a high energy. Some other more fundamental questions, as
for instance the inclusion of gravity or the unification of forces, remain yet as a mistery within
the SM framework.
Another particularly puzzling topic is that of the number of quark and lepton generations.
From a phenomenological and experimental point of view, we have strong reasons to accept that
there are indeed only three copies of up- and down-type quarks, as well of charged leptons and
active neutrinos. However, on the theoretical side, there is little hint to the origin of this three-
fold replication. The cancellation of anomalies requires identical number of quark and lepton
families, but adds no information to the total number. Regarding the possibility of having family
replication inside the Higgs sector, it is worth noting that the number of Higgs particles taking
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part in the electroweak symmetry breaking is neither predicted nor restricted by the theory, and
the main reason for considering just one boson within the Standard Model obbeys a criterium
of minimal matter content.
The firmest candidate to remedy some of the shortcomings of the Standard Model is perhaps
supersymmetry (SUSY) [4]. In supersymmetric theories, the inclusion of equal number of bosonic
and fermionic degrees of freedom ensures the absence of Higgs quadratic corrections via the
cancellation of divergent diagrams. Such cancellation provides a stable hierarchy between the
electroweak and the Planck scale. Furthermore, the local version of supersymmetry, supergravity
(SUGRA) [5], leads to a partial unification of the Standard Model with gravity. However, the
fact that SUSY has not yet been discovered suggests that this symmetry should be broken at a
characteristic energy above the electroweak scale.
Until now, string theory [6] is the only theory capable of unifying all interactions in a fully
consistent and renormalisable way, providing a satisfactory framework for quantum gravity. It
also appears able to unify gravity with the strong and the electroweak interactions, which makes
string theory a promising candidate to be a “theory of everything”. Historically, relativistic
string theory was developed as a possible theory of strong interactions [7]. In this formulation,
hadrons corresponded to the oscillation modes of the string. This proposal gave a very unified
picture (although with some problems) in which the string was postulated to explain the different
particles observed. But when quantum chromodynamics (QCD) was developed, the string theory
approach went out of favour. However, after some years, it turned out to be well suited for an
ambitious purpose: the construction of a final theory with the potential to provide a complete
description of all forces of nature and the full understanding of particle physics and cosmology,
by employing the string as the fundamental object whose vibrations generate the whole particle
spectrum (including a massless spin-2 particle which can be associated with the graviton).
One of the basic ideas that motivate string theory is to consider elementary particles as
extended objects rather than pointlike, unlike the case of quantum field theory. As a string
evolves in time, it sweeps out a two-dimensional surface in space-time, which is called the
worldsheet of the string. This is the string counterpart of the worldline for a point particle. In
quantum field theory, analysed in perturbation theory, contributions to amplitudes are associated
to Feynman diagrams, which depict possible configurations of worldlines. Similarly, perturbation
expansions in string theory involve string worldsheets of various topologies.
The existence of interactions in string theory can be understood as a consequence of world-
sheet topology rather than of a local singularity on the worldline. This difference from the
point-particle theories has the crucial implication that, since string interactions are not asso-
ciated with short-distance singularities, string theory amplitudes have no ultraviolet divergences,
with the string scale acting as a cutoff.
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Probably one of the most striking consequences of string theory is that is only consistent
for a specific number of space-time dimensions. In the bosonic formulation of the theory, where
only bosons and no supersymmetry are included into the theory, this dimension is twenty six [8].
For the superstring formulation of string theory, which contains fermions and supersymmetry
in its formulation, the number of space-time dimensions compatible with anomaly cancellation
is ten [9]. To make contact between string theory and the four-dimensional world, the most
straightforward possibility is that the extra-dimensions are compactified on an internal manifold,
whose size is sufficiently small to have scaped detection. This idea was firstly proposed by Kaluza
and Klein in the 1920s [10, 11] and nowadays it is referred to as compactification.
The first superstring revolution began in 1984, when a breakthough was made in the search
for higher-dimensional theories. Working with the superstring formalism, and considering a N =
1 supersymmetric framework, Green and Schwarz observed that in ten-dimensional formulations
no anomaly appears if the gauge group is SO(32) or E8 × E8 [12]. Basically, these large gauge
groups are required to cancel any anomaly arising from the ten-dimensional gravitino. One year
later, the proposal of the heterotic string formulation [13] became the answer to this problem,
since it contained the realisation of these large groups as the oscillation modes of the closed
strings and winding modes. The heterotic string is constructed by employing the formalism
of the 26-dimensional bosonic string for the left-mover modes and the formalism of the 10-
dimensional superstring for the right-mover modes. The mismatch in space-time coordinates
forces the 16 extra bosonic dimensions to be compactified on a torus that, in order to give a
consistent theory, must correspond exactly either to the SO(32) or the E8 × E8 Lie algebras.
Historically, the E8 ×E8 has been discussed in much more detail than the SO(32) heterotic
string. This is mainly due to the relation ofE8×E8 with the most studied unification groups, such
as SO(10) and SU(5). Under this point of view, it is remarkable that the adjoint representation
of E8×E8 contains the spinor representation of SO(10), but this no longer true for the SO(32).
This has been the main motivation for studing the E8×E8 formulation as the usual framework
for finding a heterotic-string standard model.
Another crucial ingredient to succesfully reach a realistic model in ten-dimensional field
theories is to obtain chiral fermions after compactification, since we experimentally know that the
weak interactions do not treat left and right chiral components in the same way. In the Standard
Model formulation, this is equivalent to saying that the SU(2) of the electroweak SU(2)×U(1)
is realised non-trivially by the left chiral components. Under the most simple assumption,
which is to compactify six of the ten dimensions on a flat torus T6, the ten-dimensional N =
1 supersymmetry becomes N = 4 supersymmetry in four dimensions. But theoretically we
know that supersymmetries with N ≥ 2 are automatically non-chiral [6], so if one introduces a
supersymmetry as way to understand the gauge hierarchy problem, the only allowable one from
a phenomenological point of view is N = 1 supersymmetry in four dimensions. Therefore, the
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first criterium when compactifying the ten-dimensional string theory is to keep N = 1 SUSY,
allowing the existence of chiral fermions in the four-dimensional effective theory.
The solution to this problem came from studying which could be the most appropriate space
into which compactify the higher-dimensional heterotic string. In order to answer that question,
one should start from reducing ten dimensions to a flat four-dimensional Minkowski space times
a compact 6D internal space. Candelas et al. [14] showed that the condition for the N = 1
SUSY is to require that the internal space possesses SU(3) holonomy, i.e. that to preserve
just one of the supersymmetries there should exist a covariantly constant spinor on the internal
six-dimensional manifold. The spaces with SU(3) holonomy were respectively conjectured and
proved by Calabi [15] and Yau [16]. Calabi-Yau compacifications of ten-dimensional heterotic
string theories break 3/4 of the original N = 4 obtained through the toroidal compactification.
Calabi-Yau models seemed to be the key to string phenomenology, but they soon turned out to
be tools rather difficult to work with.
For reducing the N = 4 SUSY down to N = 1, a simpler method known as orbifold com-
pactification was introduced by Dixon, Harvey, Vafa and Witten [17]. The orbifold method uses
discrete groups on top of torus compactification, introducing fixed points inside the internal
space. The existence of such points prevents the orbifold from being a good manifold, since they
introduce conical singularities in which the orbifold fails to be isomorphic to a flat R6. However,
these singularities can be eliminated by cutting out the fixed points and gluing the boundaries
with good disk-like surfaces with the same final Euler number. Therefore, an orbifold can be
considered a singular limit of a good manifold such as a Calabi-Yau. In this sense, to a low-
energy observer, the orbifold is as good as a Calabi-Yau space. Another important property of
orbifold compactification is the simplicity in its formulation (almost equivalent to flat toroidal
compactification), which allows us to easily calculate the most interesting phenomenological
properties, such as the low-energy particle spectrum, the Ka¨hler potential and the intensity of
the Yukawa couplings. All this information becomes crucial to connect any string theory to the
Standard Model physics accesible to the experiment.
In order to find a Standard-like string constructions, in the late eighties a huge effort was
made to find orbifold models with a SU(3)×SU(2)×U(1)Y gauge group and a realistic matter
content. Is was shown that Z3 orbifold models with Wilson lines [17, 18] (closed line inte-
grals along the direction tangent to a gauge field) could naturally lead to low-energy spectra
with three generations of Standard-Model particles plus some exotic matter and a gauge group
SU(3)×SU(2)×U(1)n×Ghidden [19, 20]. The next step was the calculation of the U(1) charges
and the study of the mechanism for anomaly cancelation in these models [21], since an anoma-
lous U(1) is usually present after compactification [22]. This allowed the construction of linear
combinations of the non-anomalous U(1)’s which could be identified with the physical hyper-
charge for the particles of the Standard Model, although it was found that the hidden sector is,
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in general, mixed with the observable one through the extra U(1) charges. Fortunately, it was
also noted that the Fayet-Iliopoulos (FI) D-term [22], which appears because of the presence of
the anomalous U(1), can give rise to the breaking of the extra U(1)’s and, as a consequence, to
the hiding of the previously-mixed hidden sector [21, 23, 24]. This is because, in order to pre-
serve supersymmetry at high energies, some scalars with U(1) quantum numbres acquire large
vacuum expectation values (VEVs). In this way it was possible to construct supersymmetric
models where the original gauge group was broken down to the standard SU(3)×SU(2)×U(1)Y
with three generations of matter [24, 25]. Moreover, as an extra effect of the FI breaking, most
of the exotic matter decoupled from the low-energy theory, leading to the particle spectrum of
the Minimal Supersymmetric Standard Model (MSSM) plus some remaining extra states (SU(3)
triplets, SU(2) doublets and SU(3)× SU(2) singlets).
The use of orbifold compactifications provides also the ability to explicitly calculate all the
Yukawa couplings of the theory, with a purely geometrical interpretation [26–35]. It can be shown
that the intensity of the Yukawa interactions can be considered as a distance effect between the
particles stacked at the fixed points in the internal orbifold space. These different distances
translate into an exponential supression of the Yukawa couplings related to the orbifold moduli,
thus offering a nice explanation to the peculiar experimental pattern of quark and lepton masses
and mixing angles, which are unpredicted in the Standard Model, remaining as initial parameters
put by hand. The way in which orbifold models give a solution to this problem makes them
very attractive not only from a theoretical point of view but also at the practical level, since
all the couplings in orbifold scenarios can be computed and compared to the experiment in a
systematic way.
Regarding the phenomenology of these orbifold scenarios, the main characteristic common
to all models is the presence of extra matter at low energies. In particular, one of the most
peculiar properties of some Z3 models with two Wilson lines is the three-fold replication of all
matter, including the Higgs sector. Obviously, when more than one Higgs family is present, one
should expect a much richer phenomenology [36–43]. Note, for instance, that the presence of
six Higgs doublets implies the existence of twenty one physical Higgs bosons, eleven of them are
neutral and ten charged. On the other hand, it is well known that potentially dangerous flavour-
changing neutral currents (FCNCs) may appear when fermions of a given charge receive their
mass through couplings with several Higgs doublets [44, 45]. This is because the transformations
diagonalising the fermion mass matrices do not, in principle, diagonalize the Yukawa interactions.
This situation would be present in these orbifold models since there are three generations of
supersymmetric Higgses giving mass to each fermion. In general, the most stringent limit on
flavour-changing processes comes from the small value of the KL −KS mass difference [46, 47],
but depending on the Yukawa texture given this effect can also be important in other neutral
meson systems or even in the leptonic sector, where tree-level lepton flavour-violating (LFV)
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processes might occur. There are two approaches in order to solve this problem. In one of them
one assumes that the extra Higgses are sufficiently massive making neutral currents small enough
not to contradict the experimental data [46–50]. In the other approach the Yukawa couplings
have some symmetries eliminating FCNCs completely [44]. The simplest example of the latter
is when the couplings between the extra Higgses and quarks of a given charge are forbidden. If
the three Yukawa-coupling matrices are present, still one can avoid FCNCs if the matrices are
proportional.
One possible approach to solve the FCNC problem in orbifold scenarios is simply to avoid
the presence of the extra-Higgses in the spectrum by making them massive enough to decouple
from the low-energy spectrum due to some asymmetric breaking [51] through non-renormalisable
terms. However, a multi-Higgs doublet scenario is in principle always allowed by the theory,
provided that the bounds on FCNCs remain under control. In this sense, it is very interesting
to analyse the ability of these multi-doublet models to fulfill the experimental restrictions and
study their associated phenomenology.
Summing up, the main motivation for this work comes from the idea of studying super-
symmetric models with three Higgs families, applying the results obtained to string Z3 orbifold
scenarios. Although we have analysed orbifold models, the same strategy could be applied to
other string models with similar properties. As we shall see through the different chapters, the
multiplicity of Higgs families involves many phenomenological consequences. The most impor-
tant requirement for the orbifold scenarios considered will be to provide realistic masses for
quarks and leptons, reproducing their mixing patterns, while avoiding conflict with the experi-
mental bounds on FCNC processes.
This work is organised as follows. In Chapter 1 we review the most important properties
concerning the heterotic string formulation and the rudiments of orbifold compactification, ex-
plaining the different techniques necessary to achive scenarios with standard-like gauge groups
and three generations of matter, through the embedding of the gauge degrees of freedom and
the employment of Wilson lines. We will also expose the problem of anomaly cancellation and
how the existence of the Fayet-Iliopoulos D-term can overcome this difficulty leading to strong
physical implications, reducing the gauge group and providing a very realistic particle spectrum.
In Chapter 2 we thoroughly analyse the main features of a general SUSY model with three
families in the Higgs sector. We will present the expresions of the minima equations for the
potential and the mass matrices, giving an estimate of the fine-tuning expected within the
model. We will study the effects of multiple-Higgs models on the FCNC tree-level interactions
for the quark sector, with the help of a toy model based on Fritzsch-like Yukawa quark-Higgs
interactions, discussing how compatibility with current experimental data constrains the Higgs
sector. We will perform the same analysis for different systems of neutral mesons.
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In Chapter 3 we present the structure of Yukawa couplings and mass matrices for a general
Z3 orbifold scenario, taking into account the implications of the FI breaking. We will study
the viability of these Z3 scenarios in providing realistic masses and mixings for the quark sector
without contradicting the experimental data on FCNC processes.
In Capter 4 we perform an analogous analysis for the leptonic sector. We will show that
Z3 orbifolds are also able to generate masses for the charged leptons in agreement with the
experiment, respecting the bounds on lepton-flavour violating processes. We will extend the
analysis to the neutrino sector, finding that orbifold compactifications offer several interesting
possibilities for the generation of effective seesaw-like mechanisms.






As mentioned in the Introduction, a simple way to obtain a four-dimensional effective theory
from the Heterotic String consists in compactifying on an orbifold [17]. The orbifold is a six
dimensional space obtained by identifying points on the torus that are mapped into one another
by certain symmetries of the lattice of the torus, referred to as the point group. This approach
retains the advantage of toroidal compactification that the linear string equations of motion are
still unmodified. At the same time, we shall see that it is possible for orbifold compactification
to produce a four dimensional theory with N=1 supersymmetry, rather than the undesired
N=4 supersymmetry of toroidal compactifications. The basic idea is as follows: one starts
from a six-dimensional torus which has some discrete symmetry group that does not act freely.
If one mods out this torus by the symmetry, the resulting space, called orbifold, has some
singular points, corresponding to the fixed points. Orbifolds are flat everywhere, except at
these singular points where the curvature has a delta singularity. These models are exactly
solvable as one can describe the string on the torus and take into account the action of the
symmetry group by twisting the closed string boundary conditions. It is for this reason that
we are able to calculate all of the parameters and functions of the emergent theory: the gauge
group and the matter content; the Yukawa couplings and the Ka¨hler potential (which determine
the quark and lepton mass matrices and mixing angles); the gauge kinetic function, including
string loop corrections, which determine the unification scale of the gauge coupling constants.
There are, of course, other methods of string compactification including Calabi-Yau manifolds
[14, 55], fermionic constructions [56], N=2 superconformal field theories [57] or intersecting D-
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branes [58]. Orbifold compactifications are connected to some of these models. Nevertheless,
most of the alternatives has not been as worked out as the orbifold theories.
Through this chapter, we will review the most interesting properties of heterotic-string orb-
ifold compactifications, focusing on the construction of Z3 models and their ability to obtain
low-energy spectra very close to the Standard Model. We will also address the problem of
obtaining models with the correct SU(3) × SU(2) × U(1)Y gauge group and the rudiments of
symmetry breaking through the use of gauge orbifold embedding and Wilson lines. Finally, we
will study the way in which orbifold models may solve the problem of anomaly cancellation and
the preservation of supersymmetry at low energies.
1.1 The heterotic string. Mode expansions and quantisation
The construction of the ten-dimensional heterotic string has been fully described in the litera-
ture (see, for example, [6]). In the heterotic formulation [13], a non-abelian gauge group may
be obtained by using the right movers of a type II superstring and the left movers of a bosonic
string. In this chapter we shall see how, following this approach, 16 of the left mover dimen-
sions Xµ can be compactified on a torus, giving rise to some gauge fields in the Kaluza-Klein
manner [59]. There are also additional gauge fields of a stringy origin whose existence depends
on the possibility of having winding numbers for the string on the torus. In this way, the ex-
tra 16 left-mover dimensions provide the gauge group of the resulting 10-dimensional theory.
For the heterotic string, it is found that the possible gauge groups consistent with gauge and
gravitational anomaly cancellation are SO(32) or E8 × E8 [12]. The latter possibility has led
to phenomenologically promising models since one of the E8’s can contain E6 which in turn
contains SO(10), with useful subgroups as SU(5)×U(1) or SO(6)× SO(4), while the other E8
can be treated as a hidden sector group. We will therefore focus in the heterotic string with
E8 × E8 gauge group.
For the right movers, the mode expansions for the heterotic string are the same as those of
the closed superstring. For the bosonic degrees of freedom one has













In the above, τ and σ are the worldsheet coordinates, while xµ and pµ denote the location and
momentum of the string center of mass and αµn are the mode coefficients of the expansion.
The fermionic degrees of freedom are given by




−2in(τ−σ) R sector , (1.2)
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and




−2ir(τ−σ) NS sector , (1.3)
where in each case µ = 0, 1, ..., 9. “R” and “NS” respectively denote Ramond and Neveu-Schwarz
sectors corresponding to periodic and antiperiodic boundary conditions.
For the left movers, it is convenient to introduce a notation that distinguishes the first ten
degrees of freedom, which we denote by XµL, µ = 0, 1, ..., 9, from the last 16 degrees of freedom.
We denote these 16 ‘internal’ degrees of freedom by XIL, I=1,...,16. For the first ten degrees of
freedom the mode expansion is analogous to that of the closed-bosonic-string left movers














where again µ = 0, 1, ..., 9.
For the 16 internal degrees of freedom we write














where I = 1, ..., 16.
The quantisation for µ = 0, 1, ..., 9 is the following:







n] = −mδm+n,0 ηµν , (1.7)
{dµm, dνn} =− δm+n,0 ηµν R sector , (1.8)
{bµr , bνs} =− δr+s,0 ηµν NS sector , (1.9)
where in each case µ, ν = 0, ..., 9. ηµν is the Minkowski space-time metric diag(1,−1,−1,−1).











n] =−mδm+n,0 ηIJ = −mδm+n,0 δIJ . (1.11)
1.2 Compactification of the heterotic string on a torus
A ten dimensional theory may be constructed by compactifying the 16 left-mover internal di-
mensions of the heterotic string, with a gauge group arising from the compactification. As done
in the quantisation, it is necessary to impose boundary conditions on XIL (I = 1, ..., 16), with
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both left and right movers, and then to eliminate the right movers. As mentioned before, sixteen
of the left-mover dimensions Xµ can be compactified on a torus, a possibility that we now wish
to address.
A 16-dimensional torus may be defined by introducing a lattice Λ with basis vectors eIa
(a = 1, ..., 16), chosen to have length
√
2. One must then establish the identification








where the Ra are radii and the na are arbitrary integers. There are then extra ways of satisfying
the closed string boundary conditions by winding the string round the torus so that


















In the above, LI are the winding numbers. Then, the mode expansions are given by










As before, we decompose into right and left movers






























(pI ∓ 2LI) . (1.19)
We now wish to eliminate the right movers, which in particular means that we should take
pIR = 0, with the consequence that p
I
L = 2L
I . Moreover, we should take xIR = 0, which
translates into
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The commutation relation of Eq. (1.10) implies that it is 2pIL rather than p
I
L that generates






L) to be single valued
when xL is replaced by the equivalent coordinates of Eq. (1.20). Let us now consider the lattice





b = δab , (1.21)









where ma are arbitrary integers. In the light-cone gauge, the expresion of the ten-dimensional




For the superstring right-movers, with D=10,
1
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NS sector . (1.26)
For the bosonic string left movers with 16 dimensions compactified on a torus, the mass-squared

















In the above, a sum over i from 1 to 8, and over I from 1 to 16 should be understood. Also,
massless states require that
M2R =M
2
L = 0 . (1.29)
For massless vector bosons, the form appropriate to the NS sector has to be employed. There
are 16 massless vectors V˜ iI , I = 1, ..., 16, of Kaluza-Klein type:
V˜ iI = b
i
−1/2|0〉R α˜I−1|0〉L I = 1, ..., 16 , (1.30)
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which thus provide a U16(1) gauge group. This gauge group can be enhanced for special choices
of the lattice Λ and the radii Ra. Let us use the notation |pIL〉 to denote a state obtained from
the left-mover ground state by taking the momentum pIL in the compactified dimensions. In this
case, the extra gauge fields arising are
W i(pIL) = b
i
−1/2|0〉R |pIL〉 , (1.31)
with pL obeying ∑
I
(pIL)
2 = 2 . (1.32)
This ensures that M2L is zero. The internal momenta for which the above equation is satisfied
depend on the lattice Λ, its dual Λ∗, and the choice of the radii Ra. There are very few choices of
the lattice Λ consistent with an acceptable string theory. Demanding modular invariance [13], in
order to ensure absence of anomalies and finiteness of loop contributions to scattering amplitudes,




a = 1, ..., 16 . (1.33)






b = even integer. (1.34)
One may check [13] that there are only two such lattices in 16 dimensions, Λ16 and Λ8×Λ8. The
first one contains the root lattice of SO(32) as a sublattice, leading to an SO(32) gauge group.
The second possibility, in which we will focus, is the direct product of two E8 root lattices. The
momenta pIL are on the root lattice of E8 × E8, and the momenta of length two are the weight
vectors of the adjoint representation of an E8 ×E8 gauge group, which arises from the toroidal
compactification of the left-mover internal degrees of freedom of the heterotic string. Other
massless states may be constructed by using the superstring right movers bi−1/2|0〉R (i = 1, ..., 8)
for the NS sector, or |0〉R for the R sector, together with the bosonic string left movers α˜j−1|0〉L
(j = 1, ..., 8). In this way, we obtain in the NS sector the massless states
bi−1/2|0〉R α˜j−1|0〉L i, j = 1, ..., 8 , (1.35)
which decompose into a traceless symmetric ten-dimensional graviton, a dilaton, and an anti-
symmetric tensor. In the R sector we have the states
|0〉R α˜j−1|0〉L j = 1, ..., 8 . (1.36)
The decomposition of the product of the spinor right-mover and the vector left-mover provides
a ten-dimensional gravitino together with an eight-component ten-dimensional spinor. In this
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way, the complete multiplet for ten-dimensional N=1 supergravity [60] is generated. The theory
contains no tachyons, because the only right-mover state with negative M2R is the NS sector
ground state |0〉R with M2L = −2, and the only left-mover state with negativeM2L is the bosonic
string ground state |0〉Lwith M2L = −4, so we cannot satisfy M2R =M2L.
1.2.1 Toroidal compactifications to four dimensions
The simplest way of producing a four-dimensional theory from the ten-dimensional heterotic
string is by compactifying six of the remaining spatial dimensions on a torus, as we did before.
This ensures that the linear string wave equations of motion are unaffected, since the torus
differs from flat space only in the imposition of spatial periodicity. Working in the light-cone
gauge, there are eight transverse bosonic degrees of freedom denoted by Xi(τ, σ) where i = 1, 2
labels the two four-dimensional space-time coordinates, and Xk(τ, σ) where k = 3, ..., 8 labels
the remaining six spatial degrees of freedom. Xi and Xk may be split into right and left moving
components in the usual manner. In addition, there are eight right-moving fermionic degrees
of freedom Ψi(k)R (τ − σ), and the 16 internal left-moving bosonic degrees of freedom XIL(τ + σ)
with I = 1, ..., 16 which generate the E8×E8 gauge group. The toroidal compactification of the
six spatial coordinates Xk(τ, σ) does not affect the mode expansions of Xi(τ, σ), Ψi(k)R (τ − σ)
or XIL(τ + σ). On the other hand, the mode expansions for the bosonic degrees of freedom X
k
R
and XkL need to be amended to take account of the compactification. Following the steps taken
in the previous section, we use a lattice defining the six-dimensional torus, with basis vectors ekt
(k, t = 3, ..., 8), so that for Xk(τ, σ) we have extra ways of satisfying the closed string boundary
conditions
Xk(τ, σ + pi) = Xk(τ, σ) + 2piLk , (1.37)









Therefore, we can write


























(pk ∓ 2Lk) . (1.41)
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to be single valued when xk is replaced by















u = δtu , (1.43)









where mt are arbitrary integers.






L. For the superstring right movers,
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with N and N˜ analogous to what was defined in Eqs.(1.25,1.26) and Eq.(1.28). Massless states
only arise when momenta and winding numbers on the compact manifold are zero. In fact, the
particles we observe in nature must all derive from massless string states, since otherwise their
masses would be of the order of the string scale (∼ 1017 GeV). In the case of four-dimensional
gravity, the graviton is the NS sector state given by
bi−1/2|0〉R α˜j−1|0〉L i, j = 1, 2 . (1.48)
We also have four gravitini
|0〉R α˜j−1|0〉L j = 1, 2 , (1.49)
where |0〉R is the Ramond ground state, which transforms as an eight-component SO(8) chiral
spinor. This spinor may be decomposed into representations of SO(2) × SO(6) ⊂ SO(8), the
1.3. Space groups, point groups and orbifolds 25
SO(2) corresponding to the two transverse space-time coordinates, and the SO(6) to the six
compactified spatial coordinates. Then
8L = (+1/2)4+ (−1/2)4¯ , (1.50)
so there are four space-time spinor particles of each chirality, as required for four gravitini. Evi-
dently, the toroidal compactification of xk inevitably leads to N=4 space-time supersymmetry,
and hence to a non-chiral gauge symmetry (theories based on N ≥ 2 supersymmetry are always
non-chiral [6]). This means that the toroidal compactification of the extra six spatial dimensions
is not appropriate. In the following section we shall see how orbifolds can solve this problem.
1.3 Space groups, point groups and orbifolds
In toroidal compactifications of the ten-dimensional heterotic string, the six left and right movers,
XkR, X
k
L (k = 3, ..., 8) are compactified on the torus T
6 generated by a lattice Γ, while the 16 left
movers XIL are compactified on the self-dual torus T
E8×E8 , generated by the root lattice vectors
of the group E8 × E8. In an orthonormal basis, the root lattice vectors take the form
(n1, n2, ..., n8) or (n1 + 1/2, n2 + 1/2, ..., n8 + 1/2) , (1.51)
with ni integer numbers and
8∑
i=1
ni = 0 mod 2 . (1.52)
The torus is defined by identifying points of the underlying space which differ by a lattice vector
l ∈ Γ, that is
x ≡ x+ l . (1.53)
It could be equivalently viewed as the euclidean space R6 divided by the action of the discrete
translation group Γ ,
T 6 = R6/Γ . (1.54)
We can generalise this definition of the torus by enlarging the translation group to include some
discrete rotations. This generalised group is called the space group S, and consists of elements
made of pairs of rotations θ and translations l, denoted by g = (θ, l). Then, the action of the
group elements on a vector x is given by
gx = θx+ l . (1.55)
To be well defined on the torus, θ must be an automorphism of the lattice, i.e. θl ∈ Γ and
preserve the scalar products defined by
θet · θeu = et · eu . (1.56)
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The isometry group is called the point group P . This gives us two equivalent wayss of describing
an orbifold [17]. We can either start with euclidean space and divide by the space group, or
consider the corresponding torus and divide by the point group. That is
Ω = R6/S = T 6/P . (1.57)
Evidently, the six-dimensional orbifold may be obtained by identifying points of the underlying
space R6 which are related by the action of the space group
x ≡ θx+ l . (1.58)
The solution of the string equations propagating on an orbifold are almost the same as for a
toroidal compactification, since the orbifold is flat almost everywhere. The exceptions are the
points of the torus which are fixed by the point group. At these fixed points the orbifold fails to
be a manifold. Some lines emanating from them are identified with each other, so that a conical
singularity occurs and the orbifold is not locally isomorphic to R6. The fixed points satisfy the
relation
xf = θxf + l . (1.59)
Therefore, the internal degrees of freedom XkL,R,Ψ
k
R satisfy free field equations of motion as in a
flat background but with boundary conditions dictated by the orbifold geometry. If we take into
account the action of S, we find that we have more ways of satisfying the closed string boundary
conditions. Regarding this effect, the spectrum in an orbifold may be divided into different
sectors, that we call untwisted and twisted. In the untwisted sector the boundary conditions are
of the form
X(τ, σ + pi) = x(τ, σ) + l , (1.60)
while in the twisted sector the boundary conditions are given by
X(τ, σ + pi) = θx(τ, σ) + l . (1.61)
Twisted sectors correspond to strings that are closed up to the action of the space group.
Moreover, in order for a twisted state to be invariant under P , the position of the string center
of mass must correspond to a fixed point of θ. Then, roughly speaking, twisted sectors are
labelled by the element θ and the corresponding fixed point.
Elements of P act on the internal bosonic coordinates as SO(6) rotations. Possible choices
of P are further restricted by the phenomenological requirement of obtaining a N=1 supersym-
metric spectrum (which is phenomenologically interesting due to the solution to the hierarchy
problem that it presents). To get N=1 supersymmetry, P must be a subgroup of SU(3) [14].
This may be seen by recalling that SO(6) is isomorphic to SU(4), so if P ⊂ SU(3), there is a
covariantly constant spinor on the six-dimensional orbifold, and it is this extra symmetry that
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generates the required supersymmetry. In this work we shall restrict our attention to the cases
in which the point group P is abelian (however, even if P is abelian, the space group S is in
general non-abelian). Then it must belong to the Cartan subalgebra of SO(6) associated with
Xk (k = 3, ..., 8). We denote the generators of this subalgebra by M34,M56,M78. Then, in the
complex basis defined by
Z1 = (1/
√
2)(X3 + iX4) , Z2 = (1/
√
2)(X5 + iX6) , Z3 = (1/
√
2)(X7 + iX8) , (1.62)
the point group element θ acts diagonally and may be written
θ = exp[2pii(v1M34 + v2M56 + v3M78)] , (1.63)
with 0 ≤ |vi| < 1 (i = 1, 2, 3). A theory free of tachyons and the conditions for modular
invariance impose
±v1 ± v2 ± v3 = 0 . (1.64)
This restriction also guarantees that P ⊂ SU(3). It can be showed [17] that the requirement
that θ acts cristallographically on Γ, together with the condition of Eq. (1.64), lead to the
conclusion that the point group P must either be ZN with N = 3, 4, 6, 7, 8, 12 or ZN ×ZM with
N a multiple of M and N = 2, 3, 4, 6. Products of more ZN ’s are not contained in SU(3). A
ZN group is generated by a twist θ with θN = 1, i.e. P = {θn, n = 0, ..., N − 1}. In all cases it
is possible to find a lattice where P acts cristallographicaly, and in many cases there are several
lattices for a given P . In Table 1.1 we give the complete list of point group generators for ZN .
So far we have discussed the action of S on the space-time degrees of freedom. We could also
allow the space group S to act on the gauge degrees of freedom. This is called the embedding of
S in the gauge group [17]. Choosing the action of (θ,Γ) on the gauge degrees of freedom implies
associating a gauge transformation with a translation on the torus, for which the action of Γ
can be simply represented as translations by shift vectors. Thus, we can extend the definition
of an orbifold to
Ω = T 6/P × TE8×E8/G , (1.65)
where G is the embedding of S in the gauge group. Often, the massless spectrum and gauge
group of the orbifold are independent of the choice of the lattice, and are determined only by
P . For each point group there correspond many inequivalent space groups, depending on which
lattice we pick and how the shift vectors have been chosen. However, when the full space group
S, not just P , is embedded in the E8 × E8 group, then the orbifold properties do depend upon
the lattice Γ.
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Point group (v1, v2, v3) Point group (v1, v2, v3)
Z3 (13(1,1,-2)) Z4 (
1
4(1,1,-2))
Z6 − I (16(1,1,-2)) Z6 − II (16(1,2,-3))
Z7 (17(1,2,-3)) Z8 − I (18(1,2,-3))
Z8 − II (18(1,3,-4)) Z12 − I ( 112(1,4,-5))
Z12 − II ( 112(1,5,-6))
Table 1.1: Complete list of point group generators for ZN [61].
Before concluding this section, we will explicitly see how orbifold models are able to remove
the unwanted gaugino and gravitino states of N=4 supersymmetry. We have just explained
that the definition of an orbifold requires the specification a discrete group G comprising the
space group S and its embedding in the gauge degrees of freedom. Thus, to each element g ∈ G
there corresponds an operator g¯ which implements the action of g on the Hilbert space. Since
the orbifold is defined by moding out the action of G, it follows that physical states must be
invariant under G, i.e. they are eigenvectors of g¯ with unit eigenvalues. If we consider the four
gravitino states of the previous section,
|0〉R α˜j−1|0〉L j = 1, 2 . (1.66)
Since j = 1, 2 correspond to the transverse space-time coordinates which are unaffected by the
point group transformations, it is clear that g acts trivially on the left moving piece of the state.
The right moving piece is the Ramond sector ground state, which is an SO(8) chiral spinor. The
explicit decomposition of Eq. (1.50) under SO(2)× SO(6), is given by
8R = (1/2, 1/2, 1/2, 1/2), (1/2, 1/2, -1/2, -1/2) + (-1/2, -1/2, -1/2, -1/2), (-1/2, -1/2, 1/2, 1/2) (1.67)
where the underlining denotes the inclusion of all permutations, and the individual entries are
the eigenvalues of M12,M34,M56,M78 respectively. The point group generator θ is given by
Eq. (1.61), and we see that acting on the first four states its eigenvalues are
θ¯ = epii(v1+v2+v3), epii(v1−v2−v3), epii(−v1+v2−v3), epii(−v1−v2+v3) . (1.68)
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In the above, the second four states having complex conjugate eigenvalues. The condition of
v1 ± v2 ± v3 = 0 ensures that at least one of the states has θ¯=1. If we assume that
v1 + v2 + v3 = 0 , (1.69)
then the eigenvalues of the above four states are
θ¯ = 1, e2piiv1 , e2piiv2 , e2piiv3 . (1.70)
So, provided that v1, v2, v3 are all non-zero, the last three states all have θ¯ 6= 1. It follows that
they are not invariant under the action of the space group. Thus, three of the four gravitini are
deleted, as required if we want to obtain an N=1 space-time supersymmetric theory. On the
other hand, if one of the vi is zero, only two of the gravitini are removed and we obtain N=2
supersymmetry.
1.4 Construction of the space group of Z3
In this section we shall see an explicit example of an orbifold model, namely the Z3. This will
be very useful to apply the orbifold elements previously discussed, and also to illustrate the
forthcoming sections, in which we will try to build phenomenologically interesting models. In
fact, the Z3 will reveal itself as our best tool to construct models very similar to the Standard
Model. We work with the complex coordinates Zα of Eq. (1.62), with α = 1, 2, 3. The lattice
for the underlying torus is defined by making the identifications
Zα ≡ Zα + 1 , (1.71)
Zα ≡ Zα + e2pii/3 . (1.72)




(mρeρ + nρfρ) , (1.73)
where the basis vectors eρ and fρ for the lattice are defined by
e1 = (100) , e2 = (010) , e3 = (001) , (1.74)
with
fρ = e
2pii/3eρ ρ = 1, 2, 3 , (1.75)
and wheremρ, nρ are integers. The point group for the Z3 orbifold is the discrete group generated
by the element
θ = diag(e2pii/3, e2pii/3, e2pii/3) , (1.76)
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acting on Z. The complex coordinates provide a basis for the three dimensional representation
of the SU(3) subgroup of the SO(6) rotation group for the real coordinates Xk (k = 3, ..., 8) and
θ is a finite element of the latter SU(3). The action of θ on the basis vectors is given by
θeρ = fρ , (1.77)
θ2eρ = θfρ = −eρ − fρ , (1.78)
θ3eρ = eρ . (1.79)
Thus, the discrete group generated by θ is a symmetry of the torus. Now we want to identify
the fixed points of the orbifold, such that
(θ, l)Z = θZ+ l = Z , (1.80)




(mρeρ + nρfρ) . (1.81)




(m1 + n1,m2 + n2,m3 + n3)− (n1, n2, n3) . (1.82)




(p1, p2, p3) , (1.83)
with pρ = 0,±1 for ρ = 1, 2, 3, with all other fixed points differing from these by a lattice
vector, and thus occupying the same points on the torus. The fixed points satisfy the condition




pρeρ + (I − θ)k , (1.84)
for any lattice vector k, since Z− k is equivalent to Z on the torus.
1.5 Point group embedding in the gauge group
As previously mentioned, the space group S may be embedded in the gauge degrees of freedom,
and in general (as we shall later see) this embedding is compulsory. This is made by mapping
the element (θ, l) of S on to (Θ,V) where Θ is an automorphism of the E8×E8 lattice and V is
a shift on the lattice. In this section we will focus on the (compulsory) embedding of the point
group elements (θ,0) in the gauge group. The optional embedding of the point group elements
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(1,l) by Wilson lines, is discussed in following sections. The embedding becomes easier by using
the fermionic formulation [6] of the gauge degrees of freedom. In this formulation, the 16 bosonic
left movers XI are represented by 32 real fermionic left movers (λA, λ¯A), with A = 1, ..., 16. The
real fermionic movers λA, λ¯A may separately have R or NS boundary conditions. These fermions
transform as the (16,1) + (1,16) representation of the maximal subgroup O(16) × O(16) ⊂
E8×E8. The simplest non-trivial embedding is achieved by picking an O(6) subgroup of O(16),
in which the vector representation decomposes into a six-dimensional vector representation of
SO(6) plus ten SO(6) singlets. Then we form three complex fermions from the real fermions,
and then take the action of the point group on them to be precisely the same in the right moving
fermions ΨαR (where we have constructed complex Ψ
α in the same way as we did for Zα), and
the other ten fermions are untransformed. This is called the standard embedding. The second
set of fermions λ¯ remains untransformed. This embedding amounts to a shift in the E8 × E8
lattice when we use the bosonic formulation. To see this we employ the relationship
ΨI(τ + σ) = exp(2iXIL) (1.85)
between the bosonic toroidal coordinates and the complex fermions. Then, multiplying Ψ by
a phase factor exp(2piiV ) amounts to adding piV I to the bosonic coordinates, XIL. Thus the
embedding of (θ, 0) on the E8×E8 lattice is realised as (1, piV I), and the twisted sector boundary
conditions for the XIL become
XIL(τ + σ + pi) = X
I
L(τ + σ) + piV
I . (1.86)













Evidently, the net effect of the twist θ is to shift the momentum pIL by V
I . In the standard
embedding, which we have so far discussed,
V I = (v1, v2, v3, 05)(08) , (1.88)
where vα, (α = 1, 2, 3) are the twists of the three complex compactified coordinates. We may
also explore the possibility of more general non-standard embeddings. Then the only constraint
on the shift V I is that for a ZN orbifold NV I is on the E8 ×E8 root lattice,
NV I ∈ E8 ×E8 . (1.89)
The requirement that ±v1± v2± v3 = 0 ensures that the above constraint is always satisfied by
the standard embedding.
We have already observed that orbifold models remove the unwanted supersymetries via
the requirement of point group invariance. This point group invariance also reduces the gauge
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symmetry when the point group is embedded in the gauge degrees of freedom, as it should in
general be. Precisely what gauge symmetry survives depends upon the details of the particular
orbifold. However, we can make a general statement when the standard embedding is adopted.
The constraint P ⊂ SU(3) ensures that the point group is embedded in an SU(3) subgroup of
one of the E8 groups. Since
E8 ⊃ E6 × SU(3) , (1.90)
it is clear that the surviving gauge symmetry will always include E6 × E8. Further, the rank
of the gauge group is unaffected by the embedding, since the gauge bosons associated with the
Cartan subalgebra are all invariant under the action of the point group. As we have seen, the
point group embedding in the gauge group breaks one of the E8 symmetries to a smaller group
with the same rank, while leaving the other E8 unbroken. This affords the prospect of achieving
further symmetry breaking, by Wilson lines for example, leaving a realistic gauge group. For
this reason the broken E8 is called the observable sector, and the unbroken E8 the hidden sector.
1.6 Space group embedding and Wilson lines
Further breaking of the of the gauge group can be achieved by embedding the complete space
group S in the gauge group. This means that not only should the point group element be
embedded as a shift on the E8 × E′8 bosonic degrees of freedom, but also the various basis
vectors of the torus lattice underlying the orbifold should be embedded as such shifts. This





where k = 3, ..., 8. These integrals, referred to as Wilson lines [18], are defined over some closed
loop not contractible to zero on the underlying torus of the orbifold. The Ak are components
of some 10-dimensional gauge field with zero field strength. Wilson lines cannot be gauged to
zero by an ordinary gauge transformation, but they can be gauged away by means of a non-
single valued gauge transformation. In this alternative formulation of the theory the Wilson
lines are not present. Instead, the fermionic degrees of freedom realising the gauge group in the
fermionic formulation of the heterotic string acquire extra phases upon a circuit of the torus as
a result of the non-singled valued gauge transformation that has been performed. Equivalently,
in the bosonic formulation, the bosonic degrees of freedom acquire extra shifts upon a circuit of
the torus. As a consequence, the boundary conditions for the twisted sector are modified. As
we shall see, the introduction of Wilson lines produces the gauge symmetry breaking and also
modifies the matter content, so that three-generation models can be obtained.
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Consider a twisted sector with boundary conditions twisted by the space group element (θ, l),




where eρ are integral coefficients and rρ are basis vectors of the six torus lattice. In the bosonic
formulation, if the embedding of θ in the gauge group is represented by a shift piV I on the
boundary conditions, the embedding of eρ will be represented by a shift piaIρ, while the momenta
are shifted from the E8×E′8 momenta pIL by V I+rρaIρ. Then, the spectrum of massless states is
now different for different fixed points, due to the influence of the Wilson lines aIρ. In addition,
we must demand space group invariance in the untwisted sector . The extra invariance due




ρ) should be 1, or equivalently
pILa
I
ρ = integer . (1.93)
To ensure that we have an embedding, we must check that we obtain a homomorphism. Thus,
for two space group elements (θ1, l1) and (θ2, l2),
(θ1, l1)(θ2, l2) = (θ1θ2, l1 + θ1l2) , (1.94)
while for a ZN point group generated by θ,
(θ, l)N = (I, 0) . (1.95)
Consequently, it is necessary to have
N(V I + aIρ) ∈ E8 × E′8 , (1.96)
which in turn implies that
NV I on an E8 × E′8 lattice , (1.97)
NaIρ on an E8 ×E′8 lattice . (1.98)
Moreover, the fundamental modular invariance property of a consistent theory [61] requires, for









(nV I + rρaIρ)
2
)
= 0 mod 2 , (1.99)
for the θn twisted sector, with n = 0, ..., N − 1 and rρ = 0, ..., N − 1. In particular, embeddings










≡ N(V 2 − v2) = 0 mod 2 . (1.100)
This constraint is not satisfied by the trivial embedding V = 0. It is in this sense that we say
that the point group embedding is compulsory in this class of models.
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1.7 Explicit models with Wilson lines
Regarding the construction of explicit models, it turns out that a wide class of four dimensional
models can be built with the desired N=1 supersymmetry. From each of the possible ZN ’s,
we can select several lattices where they can act. For each of them, we can make different
embeddings of the point group in the gauge group. For each embedding we can have several
independent Wilson lines; the amount of models grows geometrically. For instance, in the
Z3 orbifold there are four different independent embeddings. Adding one Wilson line, the
total number of possible models is O(103). Adding a second and third Wilson line increases
the number to an estimate number of 109 different models [20, 51]. Wilson lines also allow
to explicitly differentiate lattices with the same point group, which would lead to equivalent
models if they are not present. To this list we have to add all models constructed by non-
abelian embeddings and by left-right asymmetric twists, and also the ones with a ZN × ZM
twist. A general classification of all these models is extremely difficult. Rather than doing this,
it is better to look for interesting models from the phenomenological point of view. This can be
done if we have some idea of what can be expected from a particular construction. We have seen
that the introduction of Wilson lines breaks the gauge group and modifies the matter content.
We can use these properties to find models, focusing on ZN orbifolds. If we use the number of
generations (three) as a guide, the best candidate is the Z3 orbifold, because there is an overall
factor of three coming from the right-moving part of the untwisted sector matter. This is due
to the fact that the three complex coordinates are twisted by the same angle, and that the
degeneracy factor in the twisted sectors is either one or a multiple of three.
As seen before, massless states in the untwisted sector are given by the E8 × E8 roots
[(pIL)
2 = 2] projected onto those which are Wilson-line singlets, i.e.
pILa
I
ρ ∈ Z . (1.101)
These roots are split into three groups, according to how they transform under e2piip·v. The
invariant states
pILv
I ∈ Z , (1.102)
combine with the right movers bi−1/2|0〉R (i = 1, ..., 8), which are invariant under the point group





mod 1 , (1.103)
lead to invariant states after combining the right moving states bα−1/2|0〉R (α = 1, 2, 3), which
transform as e−2pii/3 under P . They generate three copies of matter fields transforming under
some representation of the gauge group.
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3v (2, 1, 1, 1, 1, 0, 0, 0)(2, 0, 0, 0, 0, 0, 0, 0)
3a1 (2, 1, 1, 0, 0, 1, 1, 0)(0, 1, 1, 1, 1, 0, 0, 0)
3a2 (0, 0, 2, 0, 0, 0, 0, 0)(−1, 0, 0, 1, 2, 1, 1, 0)
Gauge group [SU(3)× SU(2)× U(1)5]
×[SU(2)2 × U(1)6]
Matter content 3[(3, 2) + 2(3∗, 1) + (1, 2) + (1, 1)]
+12(1, 2)+hidden matter+singlets
Table 1.2: A model with 3 families of SU(3)× SU(2)× U(1)n [20].
1.7.1 Three-generation Z3 models with SU(3)× SU(2)× U(1)n gauge group
As we have mentioned, there are around 103 models for Z3 with one Wilson line. If we focus
only on models with three generations, we will find the gauge groups SU(5)× SU(2)2 × U(1)2,
SO(10)×SU(2)×U(1)2, SU(7)×U(1)2, SU(6)×SU(3)×U(1), and E6×U(1)2 [20, 51]. Thus
all the most interesting grand unifying groups can be obtained with three generations of quarks
and leptons. For these kind of models, the smallest subgroup one can obtain from an E8 is
SU(3)3 ×U(1)2. In order to get even smaller groups such as SU(3)× SU(2)×U(1)5, we would
have to add more Wilson lines.
The addition of one or two extra Wilson lines will give rise to an enormous number of
models (as large as 105−109) for the Z3 [20]. As before, we can reduce this number by imposing
further phenomenological constraints, such as a realistic gauge group or the requirement of three
particle generations. At the end of the day, one will be left with a three-generation gauge group
SU(3) × SU(2) × U(1)n. Within the Z3 orbifold with two Wilson lines, for instance, one can
construct in principle a number of order 50000 of three-generation models with SU(3)×SU(2)×
U(1)n. However, it can be shown that most of them turn out to be equivalent [62]. Let us recall
that this mechanism for obtaing realistic groups does not reduce the rank of the group and we
cannot avoid the extra U(1)’s. Imposing the output for the gauge group, we want the invariant
roots to be ±(1,−1, 0, ..., 0) defining SU(2), and ±(0, 0, 1,−1, 0, ..., 0), ±(0, 0, 0, 1,−1, 0, ..., 0),
±(0, 0, 1, 0,−1, 0, ..., 0) defining SU(3). This fixes the SU(2) and SU(3) regions in the eight-
dimensional vectors. As an example, a possible choice for the shift and two Wilson lines that
provides a model with three families and SU(3) × SU(2) × U(1)n gauge group is presented in
Table 1.2.
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In this class of models, one can easily find a linear combination of the unbroken U(1)’s which
may be identified with the hypercharge. In order to lower the rank of the gauge group, one
may look for singlet flat directions to break de extra U(1)’s, finding that there are indeed many
possibilities to do so. On the other hand, all these models have an anomalous U(1) and hence an
associated Fayet-Iliopoulos D-term [22]. To cancel this term in the scalar potential generically
some singlets in the model are dynamically forced to acquire a VEV and thus produce the
reduction of the particle spectrum. As we see, all these effects involve strong phenomenological
consequences which turn out to be extremely useful for model building.
We see that these models are very close to the Standard Model, but they still fail in providing
complete phenomenological success. It is necessary to know the number n of the U(1)’s that
couple to quarks and leptons, the possible effects of the anomalous U(1) that usually appears
in these constructions, and the role of U(1)’s mixing the hidden and the observable sector.
1.8 U(1) charges and anomaly cancellation
In this section we will show how the U(1) charges can be calculated, determining which of them
are anomalous [21]. These U(1)’s are in such a way that can be cancelled by the Green-Schwarz
mechanism [12]. The complete knowledge of the anomalies is essential for a phenomenological
analysis of the different models. The existence of an anomalous U(1) can produce further
symmetry breaking that can be used to lower the rank down to SU(3)×SU(2)×U(1)Y . As an
illustrative example, let us consider the explicit three-generation SU(3)×SU(2)×U(1)n model
analysed in [19, 21], with the following embedding and Wilson lines:
3vI = (1, 1, 1, 1, 2, 0, 0, 0)(2, 0, 0, 0, 0, 0, 0, 0) ,
3aI1 = (0, 0, 0, 0, 0, 0, 0, 2)(0, 1, 1, 0, 0, 0, 0, 0) ,
3aI2 = (1, 1, 1, 2, 1, 0, 1, 1)(1, 1, 0, 0, 0, 0, 0, 0) . (1.104)
As we know, the gauge bosons are obtained by projecting the E8×E8 roots (p2 = 2) onto those
which are Wilson line singlets, and satisfy pIvI ∈ Z. They are
(1,−1, 0, 0, 0, 0, 0, 0) ,
±(0, 0, 0, 1, 1, 0, 0, 0) ,
(0, 0, 0,±, 1,±1, 0, 0, 0)′ , (1.105)
where the prime denotes the E′8 part. These roots correspond to the gauge group
[SU(3)× SU(2)× U(1)5]× [SO(10)× U(1)3]′ . (1.106)
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The last three entries of E8 and the first three of E′8 correspond to six of the eight U(1) charges.
The rest of them lie on the directions orthogonal to the roots of SU(3) and SU(2). Explicitly,
the U(1)’s are
U1 : (1, 1, 1, 0, 0, 0, 0, 0), U2 : (0, 0, 0, 1,−1, 0, 0, 0) ,
U3 : (0, 0, 0, 0, 0, 1, 0, 0), U4 : (0, 0, 0, 0, 0, 0, 1, 0) ,
U5 : (0, 0, 0, 0, 0, 0, 0, 1), U6 : (1, 0, 0, 0, 0, 0, 0, 0)′ ,
U1 : (0, 1, 0, 0, 0, 0, 0, 0)′, U8 : (0, 0, 1, 0, 0, 0, 0, 0)′ . (1.107)
One can look for the matter fields of this model that belong to the untwisted and twisted sectors,
by projecting the E8 × E′8 roots along the directions of the SU(3), SU(2) and SO(10) roots.
Finally, one gets the U(1) charges by projecting onto the directions of Eq. (1.107).
Regarding the anomalies of these models, it must be noted that modular invariance guaran-
tees that the anomaly of the 10-dimensional heterotic string has a factor tr(F 2)− tr(R2), where
F denotes the field strength of the gauge group and R is the Riemann tensor. This remaining
anomaly can be canceled using the Green-Schwarz mechanism. As a consequence, one can expect
the presence of anomalous U(1)’s in the four dimensional effective theory after compactification.
The above mentioned factorisation implies that if there is an anomaly, there must be just one
anomalous U(1) (i.e. if there are n U(1)’s in a specific model, there will be one anomalous
combination of them and n−1 non-anomalous ones). In the example previously considered, the
anomalies may either involve three SU(3) gauge bosons, one U(1) and two SU(N) or SO(N)
bosons, three U(1) gauge bosons, or one U(1) boson and two gravitons. One can verify that
from the eight Ui defined in Eq. (1.107), five of them are non-anomalous: U1, U2, U3, U4 and U5.
From the other three it is possible to form an anomalous combination. This allows to factorise






Qx(FF˜ −RR˜) . (1.108)
where n runs over the states of the model and Qx are the charges under the anomalous U(1).
This anomaly is canceled by the term b(FF˜−RR˜) (b is the physical massless degree of freedom of
the four-dimensional, antisymmetric tensor Bµν) by assigning to b a non-trivial transformation
law b → b + cλ under the anomalous U(1) for an appropriate c (λ is the gauge transforma-
tion parameter). In fact this term is the remnant of the ten-dimensional Green-Schwarz after
compactification. The transformation rule for b is that of a Goldstone boson. Thus, the gauge
symmetry is broken and the b-field becomes a longitudinal mode of the massive anomalous gauge
boson, which disappears from the low-energy theory. This is the first important consequence
of the existence of anomalous U(1)’s after compactification. In the next section we will discuss
even more important effects.
38 1. Overview of orbifold compactifications of the Heterotic String
1.9 Fayet-Iliopoulos terms and SU(3)× SU(2)× U(1)Y models
As we have mentioned, some four-dimensional theories with SU(3) × SU(2) × U(1)n lead to
an anomalous U(1) factor. Therefore, at string one loop order a Fayet-Iliopoulos D-term is
generated for this U(1) [22]. This D-term can break supersymmetry by the Fayet-Iliopoulos
mechanism. However, the supersymmetry can often be preserved by simultaneously allowing
some scalar fields to acquire VEVs. In order to see whether this happens we have to consider













where ηi are the scalars fields with charges Q
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Obviously, this quantity is vanishing if the model does not have any anomalous U(1). In addition,








i ηi , (1.111)
where Q(j)i are the charges of the ηi fields under the non-anomalous U(1)
(j) of the model. The
presence of the FI D-term leads to supersymmetry breaking unless there is a choice of VEVs




k |〈χk〉|2 = −e2φc(a) , (1.112)




k |〈χk〉|2 = 0 . (1.113)
Furthermore, the set of VEVs must be such that
W = ∂W/∂ηi = 0 , (1.114)
(where W is the superpotential of the theory) in order to avoid non-vanishing F -terms which
would also break supersymmetry. If such a set of VEVs exists, the gauge group of the three
models here analysed will be further broken, since there are no fields that carry charge under
the anomalous U(1) only.
Another important issue is to check whether there is any combination of the non-anomalous
U(1)’s which gives the correct hypercharge to the states. Generically, this class of models
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presents some ambiguity related to the assignments of the states L,H1,H2, ec. But, even for a
specific assignment it is in principle posible to find many U(1) combinations for the hypercharge.
In order to see whether there is a vacuum state preserving the physical hypercharge Y ,
one has to look for the subset of singlet fields with vanishing Y -charges. If these fields may
acquire VEVs satisfying the conditions of Eqs. (1.112) and (1.114), the desired vacuum exists.
In fact, in this case it is possible to find vacuum states preserving an unbroken gauge group
SU(3)× SU(2)× U(1)Y ×G′.
This shows that the Fayet-Iliopoulos breaking induced by the presence of anomalous U(1)’s is
an efficient method to get realistic models. Now we can analyse the spectrum of massless particles
after the breaking. Many particles acquire a high mass due to the generation of effective mass
terms. These come from operators of the type
(χ...χ)ξ , (χ...χ)ξξ , (1.115)
where χ refers to any field acquiring a VEV and ξ any other field. There is also a considerable
number of operators involving color triplets of the form
fiD¯jDk , (1.116)
where fi are singlets and Dj,k are triplets. As an example, in the model presented in Ref. [21],
one can see that the massless coloured fields are
Q, uc, (dc, D¯i, D¯j) , (1.117)
where (dc, D¯i, D¯j) stands for a certain combination of the fields inside the parenthesis with the
quantum numbers of the dc field. The remarkable point is that all the extra colour triplets
become naturally massive, thus disappearing from the low energy theory. On the contrary,
Standard Model triplets and doublets (i.e. Q, uc, dc, L, H1, H2) remain massless. It is also very
attractive that all the extra colour triplets, which could mediate fast proton decay, can acquire
high masses. The effective mass terms for the singlets that come from cubic couplings are of the
type
χifjfk . (1.118)
These terms give masses to most of the singlets of the model. However, some massless singlet
states still remain after the breaking process, and one of these singlets is ec. The final massless
particle spectrum is very close to the three-generation supersymmetric standard model, plus
some exotic matter (SU(2) doublets and SU(3) × SU(2) singlets). In particular, one of the
main generic features of Z3 models with two Wilson lines is the family replication in the Higgs
sector, composed by six doublets (three up-type and three down-type). In other orbifold models
similar to this, also extra SU(3) triplets may appear. Needless to say, the presence of extra
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matter could affect the renormalisation group predictions for sin θW and MGUT . Although the
number of these extra particles is not huge, a realistic unification seems to be problematic.
However, the presence of the three generations of Higgses, and extra colour triplets may allow
unification to be achieved at the string scale [64].
1.10 Summary and outlook
In this chapter we have reviewed the main properties concerning orbifold compactifications.
Through the different sections we have learned that the compactification of the heterotic string
on a six-dimensional orbifold is an attractive method to obtain the emergent 4D effective theory,
including the gauge group and matter content. We have seen that the employment of Z3 orbifold
scenarios with two Wilson lines become very instrumental in obtaining realistic scenarios very
close to the Standard Model. These scenarios are generically characterised by:
• Realistic SU(3)× SU(2)× U(1)n ×G′ gauge group.
• Supersymmetric standard-like matter content.
• Existence of FI D-term which triggers further symmetry breaking down to a Standard
SU(3)× SU(2)× U(1)Y ×G′ gauge group.
• Some exotic matter remaining at low energy.
• Three generations of SUSY Higgses typically present in the spectrum.
From the phenomenological perspective, the last point on the list is worth special considera-
tion. Indeed, the presence of three Higgs families in the low-energy theory has many disctintive
implications which modify the minimal assumption of just one pair of Higgs doublet. Probably
one of the most important non-minimal contributions of any model with Higgs replication is
the appearance of FCNC a the tree level due to a Higgs exchange between particles of different
flavour. A general study of SUSY models with three Higgs families and their requirements to
avoid conflict with the FCNC bounds will be developed in Chapter 2.
Another important point that has been also not mentioned on the list concerns the ability of
orbifold scenarios to give masses to the SM particles. Needless to say, a fully realistic Standard-
like scenario must also include a mechanism to generate Yukawa couplings in order to provide the
observed masses and mixings for the low-energy spectrum. This subject will be fully analysed
in Chapter 3 (for the case of quarks) and Chapter 4 (for charged leptons and neutrinos).
Chapter 2
FCNCs in supersymmetric models
with three Higgs families
2.1 Introduction
Given the existence of three families of quarks and leptons, and since neither theory nor ex-
periment impose any constraints on the number of Higgs families, one could wonder whether
the same family replication takes place in the Higgs sector. In addition to being very aesthetic,
this scenario is not unexpected from a theoretical point of view. As we have analysed in the
previous chapter, in four-dimesional SUSY models arising from the orbifold compactification of
the 10 dimensional E8 × E′8 heterotic string, the low-energy theory thus obtained is associated
with a subgroup of the gauge group E6. Under E6, fermions and Higgses are assigned to the
same representation, and the requirement of three families of fermions imposes replication of
the Higgs content [13]. In fact, many string constructions that contain three fermion families
also include Higgs family replication, as is the case of Z3 orbifold heterotic compactifications,
which also exhibit these low-energy spectrum composed of three supersymmetric Higgs fam-
ilies [24, 51, 53, 64–66], and that of some D-brane models [58]. Other models that include a
non-minimal Higgs content have also been extensively addressed in the literature [36–43, 46–
50, 67–70]. The consequences of extending the Higgs sector are abundant, and have implications
which range from the theoretical to the experimental level. For instance, and if the extra Higgses
are light, the addition of these states in a minimal SUSY scenario will spoil the unification of
gauge couplings around 1016 GeV. Nevertheless, in models from the heterotic string, the high
energy scale is different (∼ gGUT × 1017 GeV [71]), and the new states can even be helpful
regarding unification [64]. Since ours is a low-energy oriented analysis, we will not consider the
(more speculative) high-energy implications of the extended Higgs sector. The most challenging
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implication of an extended Higgs sector is perhaps the potential occurrence of tree-level flavour
changing neutral currents, mediated by the exchange of neutral Higgs states1. In the SM and
the MSSM, these effects are absent at the tree-level, since the coupling of the quark-quark-Higgs
mass eigenstates is flavour conserving. This arises from having the Yukawa couplings propor-
tional to the quark mass matrices, so that diagonalising the mass matrices also diagonalises the
Yukawas. Since experimental data is in good agreement with the SM predictions, the poten-
tially large contributions arising from the tree-level interactions must be suppressed in order
to have a model which is experimentally viable. In general, the most stringent limit on the
flavour-changing processes emerges from the small value of the KL−KS mass difference [46, 47].
Avoiding the FCNCs induced by the tree-level exchange of neutral Higgs bosons can be
achieved by several distinct approaches, each involving a different sector of the model.
(i) Discrete symmetries. Imposing a discrete symmetry on the model ensures that only one gen-
eration of Higgs couples to quark and leptons, and completely eliminates tree level FCNCs from
the predictions of the model [44, 45]. Naturally, one attempts to motivate such an assumption
via topological and/or geometrical arguments. For instance, in [39, 40], adding four extra Higgs
doublets to the MSSM content, and assuming that the FCNCs thus induced are suppressed via
some symmetry, then the extra generations (labelled “pseudo-Higgs bosons”) do not acquire
vacuum expectation values (VEVs), do not mix with the two MSSM-like doublets, nor couple
to fermions. Still, the lightest of the new states is stable so that it becomes a candidate for dark
matter.
(ii) Suppression of Yukawa couplings. In this case, FCNCs are not eliminated, but the Yukawa
interaction responsible for the tree-level flavour violation is made small enough to render the
new contributions negligible. Since the most stringent bounds are usually associated with tree
level contributions to the neutral kaon mass difference (∆mK), the Yukawa couplings of down
and strange quarks are forced to be very small. For example, in [43], a U(2) flavour symmetry
was considered as the candidate symmetry to suppress FCNCs. Although this second possibility
is more appealing in the sense that it does not require excluding part of the Higgs content from
Higgs-matter interactions, its major shortcoming lies in the fact that in general one lacks a full
theory of flavour, which would predict the Yukawa couplings2, as would be the case of string
theory.
(iii) Decoupling of extra Higgses. If one does not wish (or is not allowed) to impose a symmetry,
or if the Yukawa couplings are not free parameters of the model, a third possibility lies in
making the new Higgs states heavy enough, so that the contributions they mediate are very
1For other consequences such as flavour-violating Higgs and top decays, and the associated experimental
signatures at the next generation of colliders, see, for example, [72–74] and references therein.
2Nevertheless, it is worth noticing that in the framework of the MSSM, there are several models where it is
found that via flavour symmetries one can successfully explain the observed pattern of masses and mixings.
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suppressed [46–50]. The new states are thus decoupled, and the effective low-energy theory is
very similar to the usual MSSM/SM. This possibility is sometimes the only “degree of freedom”
remaining, especially in highly predictive models, where the Yukawas arise from some high-
energy formulation, as is the case of string models. Nevertheless, it is important to stress that
the decoupling scenario is in general achieved by enforcing very large values for some of the Higgs
soft-breaking masses. This may lead to a fine-tuning scenario in association with electroweak
symmetry breaking. When the decoupling approach is taken together with the suppression
of Yukawa couplings (ii), it is possible to obtain Higgs spectra which manage to comply with
experiment without excessively heavy Higgses [43, 46, 47, 49, 50, 68, 69].
From the above discussion, it is clear that a correct evaluation of the FCNC problem as-
sociated to multi-Higgs doublet models is indeed instrumental. In what follows, we propose
to analyse the most general scenario of the MSSM extended to include three families of Higgs
doublets. We do not impose any symmetry on the model, allowing for the most general for-
mulation of both the superpotential and the SUSY soft breaking Lagrangian. We provide a
generic overview of the extended Higgs sector, and discuss the minimisation of the scalar po-
tential. In this analysis, we also compute the most general expression for the contribution of
tree-level neutral Higgs exchange to neutral meson mass difference. Contrary to previous analy-
ses [46, 47, 49, 50], we include the contributions from all physical (rather than interaction) Higgs
states, scalar and pseudoscalar. Moreover, we take into account the mixing in the Higgs sector.
Finally, as an example of how to apply our general formulation, we consider an ansatz for the
Yukawa couplings along the lines of previous analyses (namely the “simple Fritzsch scheme” [75–
77]), and evaluate the specific contributions to the neutral mesons mass differences. Our findings
turn out to be more severe than those of previous works.
In this chapter we analyse the extended Higgs sector, paying special attention to the minimi-
sation of the Higgs potential and addressing potential fine-tuning issues. This will be extremely
useful for the study of orbifold models in the following chapters. We also compute the tree
level mass matrices and discuss the associated spectra, analysing Higgs-matter interactions, and
deriving a model-independent computation of the tree-level contributions to the neutral me-
son mass differences. Assuming an illustrative example for the Yukawa couplings, we present
a numerical study of the FCNC contributions, investigating how the Higgs spectrum must be
constrained in order to have compatibility with experimental data.
2.2 Extended Higgs sector
We begin our analysis by addressing the Higgs sector of a SUSY model where three generations
of SU(2) doublet superfields are comprised. In each generation, one finds hypercharge −1/2 and
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2.2.1 Tree-level Higgs potential
The most general superpotential of a model with three families of Higgs doublets can be written
as follows:
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c + L̂ (Y ν2 Ĥ2 + Y
ν




+ µ12Ĥ1Ĥ2 + µ14Ĥ1Ĥ4 + µ16Ĥ1Ĥ6 + µ32Ĥ3Ĥ2 + µ34Ĥ3Ĥ4
+ µ36Ĥ3Ĥ6 + µ52Ĥ5Ĥ2 + µ54Ĥ5Ĥ4 + µ56Ĥ5Ĥ6 , (2.2)
where Q̂ and L̂ denote the quark and lepton SU(2)L doublet superfields, Û c and D̂c are quark
singlets, and Êc, ν̂c, the lepton singlet superfields. Y qi are the Yukawa matrices associated
with each Higgs superfield. Regarding the µ-terms, these are now extended in order to include
all possible bilinear Higgs terms. Calling upon some specific model that would be responsible
for generating the latter terms, it would be possible to reduce the number of free parameters.
It is also important to recall that one could also impose a (discrete) symmetry acting on the
superpotential, whose effect would be the suppression of some of the couplings in W . However,
in our discussion, we consider the most generic form for W , thus taking the several bilinear
parameters in W as effective µ-terms.



































where Hi are the scalar doublets belonging to the superfields of Eq. (2.1), g, g′ denote the gauge
coupling constants, and τa are the SU(2)L generators. The soft SUSY-breaking terms trivially
generalise the minimal two-doublet case, including the usual soft-breaking masses and Bµ-like















[(Bµ)ilHiHl +H.c.] . (2.4)
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2.2.2 Minimisation of the potential: the superpotential basis and the Higgs
basis
After electroweak symmetry breaking, the neutral components of the six Higgs doublets develop
the following VEVs,
〈h01(3,5)〉 = w1(3,5) , 〈h02(4,6)〉 = w2(4,6) , (2.5)
and as usual one can write
h0i → wi +
1√
2
(σi + iϕi) . (2.6)
In the above we assume that all the VEVs are real3. The next step is to minimise the scalar
potential with respect to the VEVs. Although the problem appears to be a simple generalisation
of the two-Higgs doublet model (MSSM), it will prove to be much more involved. It happens
that in the presence of six non-vanishing VEVs, finding a solution to the minima equations is a
rather cumbersome task. As an illustration, we present the equations obtained from minimising
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In addition to Eq. (2.7), which only ensure that we are in the presence of an extremum, we
have to further impose the conditions for a minimum with respect to the several variables.
Therefore, and for the down-type Higgs fields, having positive second derivatives is equivalent














> 0 , (2.9)
provided that at the minimum the determinant of the six-dimensional matrix is positive, or
equivalently, det(∂2 V / ∂h0i ∂h
0
j ) > 0.
The equations for the remaining cases (minimising with respect to the up-type Higgs fields)
can be obtained from Eqs. (2.7,2.9) by interchanging {1, 3, 5} ↔ {2, 4, 6} and changing the
3We do not discuss the possibility of spontaneous CP violation in association with this class of multi-Higgs
doublet models.
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d − v2u) → −M2Z(v2d − v2u) (cf. Eq. (2.7)) and
M2Z(v
2
d − v2u + 2w2)→ −M2Z(v2d − v2u − 2w2) (cf. Eq. (2.9)). The only choice of parameters that
would render the solution of the minima equations straightforward is to call upon the diagonal
soft breaking masses ((md)ii and (mu)kk) to be fixed by the minima equations. For (md)211 the






























Naturally, the equations can be solved for a distinct set of parameters, but then finding an ana-
lytical solution is in general not possible. Analytical relations are very useful when writing down
the mass matrices for the several Higgs sectors, since one can directly replace the parameters. In
fact, the major handicap when relying on the diagonal soft masses as the minimum parameters
is that then one loses control of the leading contributions to the Higgs boson mass eigenvalues.
This will be made clear in a forthcoming section. Another shortcoming is that, even though













writing the minimisation equations as a function of sinβ, cosβ (in an MSSM-like fashion), is
impossible.
So far we have been working in the basis that naturally emerges from both the superpotential
and soft-breaking Lagrangian formulation. To simplify the discussion, we will henceforth label
this natural basis as the superpotential basis. However, this need not be the unique approach
when addressing the minimisation of the potential.
As it has been shown, one can work in a basis where only two of the new six neutral fields
have non-vanishing VEVs, the so-called Higgs basis [38, 48]. For the down-type Higgses, the new
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. (2.13)
An analogous transformation, Pu, can be derived for the up-quark-coupling Higgses (h02,4,6), with
the adequate replacements ({1, 3, 5} → {2, 4, 6}). For simplicity, let us introduce the following
global parametrisation for the transformations Pd and Pu:
φi = Pijhj , (2.14)
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i, j = 2, 4, 6
0 elsewhere .
(2.15)
From the above, it is clear that in the new basis only two of the fields do have a VEV
〈φ01〉 = vd , 〈φ02〉 = vu , (2.16)






2 + g′2) ≈ (174 GeV)2 , (2.17)
where MZ is the mass of the Z0 boson. In this basis one has the additional advantage that,





We can now write
φ01,2 → vd,u +
1√
2




(Ri + iIi) i = 3− 6 . (2.19)
Thus, one can now understand the three Higgs family model as an MSSM-like model, extended
by four additional doublets, which do not directly interfere with the mechanism of electroweak
symmetry breaking. In the Higgs basis, the potential preserves its original structure with respect
to the dependence on the field combination, but the parameters associated with the F - and soft
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In the new basis, the problem of minimising the scalar potential is quite simplified, and one
is able to derive the six minimisation conditions in a compact form. The conditions for the
down-type sector read




m213 = b32 tanβ ,
m215 = b52 tanβ , (2.22)
while those related to the up-type Higgses are given by




m224 = b14 cotβ ,
m226 = b16 cotβ . (2.23)












u)ij i, j = 2, 4, 6 ,
bij = (Bµ)ij , (2.24)
where we stress that both parameters µ¯ij , and µ¯ij , as well as bij have dimensions (mass2).
Throughout the chapter we will be often using the above short-hand notation, even though this
implies that the rotated µ-terms and Higgs soft breaking masses loose their individual character,
becoming merged into the quantities m2ij . As a final comment, let us notice that the minima
equations (2.22,2.23) are, in structure, very similar to those of the MSSM, namely the first in
each set of three. It is worth referring that the electroweak scale is only explicitly present in two
equations (those derived with respect to φ01,2, the VEV-acquiring fields). Notice however, that
this is a mere consequence of working in a different basis.
In addition to the minima conditions Eqs. (2.22,2.23), one can also derive other conditions,
which are useful in constraining the allowed parameter space. As an example, and from direct
comparison of the minima equations for m211 and m
2
22, we find the following inequality:
m211m
2
22 ≤ b212 , (2.25)
strongly resembling the analogous MSSM condition.
2.2.3 Numerical minimisation of the potential: illustrative examples
In what follows, our goal is to conduct a short analysis of the issues discussed in the previous
subsections. The phenomenological analysis of the Higgs sector (masses and mixings) will be
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carried in detail in Section 2.3, working in the Higgs basis. Nevertheless, we find it interesting
to evaluate how the minimisation of the scalar potential constrains the soft breaking terms.
To do so, we consider several numerical examples for the minimisation of the scalar potential
for distinct VEV regimes. In addition, we also discuss whether or not a specific choice of soft
breaking terms may translate into a fine-tuning problem. Although the minima conditions
are cast in a much more compact and appealing way in the Higgs basis, since only two of them
explicitly involve the electroweak scale, a possible fine tuning problem may be unapparent in this
case. Therefore, for this specific discussion, we will stick to the original superpotential basis.
In this case, and since we make no assumptions regarding the mechanism of SUSY breaking
associated with this generic multi-Higgs doublet model, we take the input parameters
(m2d)ij , (m
2
u)ij , µij , (Bµ)ij , (2.26)
to be free at the electroweak scale. Regarding the Higgs VEVs (wi), we impose no constraint
other than satisfying the electroweak breaking conditions for a given value of tanβ. In order to
further simplify the approach, we will fix, in each separate analysis, the value of µij = µ, and
assume a common overall scale for the off-diagonal masses (md)ij and (mu)ij , and for (Bµ)ij .
More specifically, we take universal Bµ terms, (Bµ)ij = Bµ = M2S , where MS is a “typical
soft-SUSY breaking scale”. For the off-diagonal masses (md)ij and (mu)ij , the common scale is
taken to be (md)ij = (mu)ij = 0.1MS4.
As discussed in the previous subsection, the parameters which are (trivially) fixed by the six
minima equations are the diagonal Higgs soft-breaking masses, (m2d)ii and (m
2
u)ii. Clearly, from
Eq. (2.10), the minima values for (m2q)ii, and in particular those of the down-type Higgs sector,
will be very dependent of the values of the VEVs considered, most specifically on whether
one chooses a degenerate or hierarchical regime. Therefore, each case has to be separately
investigated, and in each situation, one must analyse the impact of the other free parameters,
namely that of the overall scale chosen for the soft-breaking parameters.
In addition, one has to investigate whether or not the parameters taken lead to a potential
fine tuning (FT) problem for the parameters. In doing so, our approach will be the following.
For a specific scenario defined by the parameters in Eq. (2.26), together with wi and tanβ, we
compute the values of the diagonal soft breaking masses, as imposed from complying with the
minima equations. We then impose a tiny perturbation on the solutions,
(m2q)ii → (m2q)′ii = (1 + λq) (m2q)ii , (2.27)
where λ is taken to be around a few percent. Finally, we compute the new value of MZ derived
from perturbing the correct (true minima) solution for (m2q)ii, M
′
Z . To evaluate the amount of
4Notice that for i 6= j, values of (mq)ij & MS are not compatible with viable solutions. This is evident from
the minimisation conditions of Eq. (2.10), using (mq)
2
ij > 0. Furthermore, the limit (mq)ij → 0 occurs in well
motivated models [78].
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identifying pi with (m2q)ii. A rough measure of the fine-tuning can be derived from (∆pi)
−1,
since the latter can be identified with the probability of a cancellation between terms of a given
size to obtain a final result ∆pi times smaller.
In what follows we take, as illustrative examples, two distinct cases for the Higgs VEVs:
degenerate and hierarchical wi. We stress here that at this point we are only investigating the
constraints on the soft breaking terms arising from the minima conditions. A study of the spec-
trum is far simplified when moving to Higgs basis, as will be done in the following Section.
• Degenerate VEVs: w1 = w3 = w5, w2 = w4 = w6
In this case, the minima equations become much simpler, since in each sector the VEVs factor
out. Therefore, having fixed the free parameters as above described, the six original equations
essentially reduce to two independent ones: one for the down-type Higgs (e.g. (md)211) and
another for the up-type sector (e.g. (mu)222).
In Fig. 2.1, we plot (md)211 and (mu)
2
22, as computed from the tree-level minima equations,
as a function of the common soft breaking term scale, MS , for µij = µ = 200 GeV. In each case,
we consider two distinct values for tanβ: 5 and 10. From Fig. 2.1, several properties of this
model become apparent. First of all, it becomes clear that in this basis (the superpotential basis)
finding minima can be a challenging task. Notice that although one can find solutions for the
down-type sector associated with lowMS , in this range we are in the presence of maxima (rather
than minima) for the up-type soft masses. The situation slightly worsens with increasing tanβ.
Taking other (higher) values of µ would lead to the displacement of the vertical line further
to the right of the parameter space parametrised by MS . This behaviour can be confirmed by
inspection of Eqs. (2.7,2.9,2.10).
Let us now evaluate how fine-tuned these solutions are. In Fig. 2.2 we investigate ∆p for
the up and down sectors, by studying in each case the effect of perturbing the minima solutions
(md11)
2 and (mu22)
2 by λd,u = 1% and λd,u = 5%. We again consider µ = 200 GeV, and take
tanβ = 10.
From Eqs. (2.27,2.28) together with the minimisation conditions in Eq. (2.10), it is apparent




. Moreover, it can be seen that for the down-type sector, the dominant term
(Bµ) is further enhanced by a factor of tanβ, so that a tiny fluctuation in (md11)
2 is not easily
cancelled. In the up-type masses, the situation is reversed. The up-type version of Eq. (2.10)
would exhibit a suppression of Bµ by cotβ, so that here we find a more relaxed scenario.



















MS  (GeV) 
µ = 200 GeV
mu22  (tan β = 10)
mu22  (tan β = 5)m
d
11  (tan β = 5)
md11  (tan β = 10)
Figure 2.1: Minima solutions md11 and m
u
22 as a function of the common SUSY breaking scale
MS for tanβ =5, 10 and degenerate VEVs. To the left of the vertical dotted line, the solutions
for mqii are not true minima of the potential.
• Hierarchical VEVs: w5 = 10w3 = 100w1, w6 = 10w4 = 100w2
In this case, and when compared to the degenerate one, each soft mass exhibits a very distinct
behaviour at the minima of the potential. We will thus analyse the solutions which in each







As before, in Fig. 2.3 we display the above masses as a function of MS for µ = 200 GeV, and
tanβ =10, similar to what was presented for degenerate VEVs in Fig. 2.1. As seen from Fig. 2.3,
the range for the solutions is not strongly affected. Notice however that the minima values of
(mu)222 and (md)
2
55 become degenerate for large values ofMS . Moreover, the soft mass associated
with the largest VEV (mu66) presents, as expected, much smaller values than the others. This is
a consequence of the suppression of wj/w6 on Bµ. Regarding the fine tuning, the situation is
more involved. In Fig. 2.4 we plot ∆p for the up and down sectors, considering only the effect




2. We take µ = 200 GeV
and tanβ = 10.
As seen from Fig. 2.4, the alterations emerge in both up- and down-type Higgs sectors.
Regarding the down-type scalar (∆p55) the fine tuning is typically larger now, and the effect is
essentially due to the fact that it is now much more difficult to find cancellations among the
several terms entering in the minimisation equations. In the up-type sector, we find a very
similar situation to that of Fig. 2.2 for the second and third generations (associated with the
larger VEVs). Conversely, and since it is now associated to a tiny VEV, the first generation



























µ = 200 GeV
tan β = 10
∆p11
∆p22
∆p11 :   λ
d
 = 1%
  λd = 5%
∆p22 :   λ
u
 = 1%
  λu = 5%
Figure 2.2: ∆p as a function of the SUSY scale MS for perturbations of 1% and 5% in (md11)
2
and (mu22)
2. µ = 200 GeV, and tanβ = 10 (the two lines for ∆p11 appear over-set). To the left
of the vertical dotted line, the solutions for mqii are not true minima of the potential. Horizontal
lines denote areas above which one roughly expects a FT stronger than 1% and 10%.
up-type diagonal soft mass is more unstable under perturbations, and its behaviour merges with
that of (md55)
2 for larger values of MS .
It has been shown in the MSSM that with a soft SUSY scale of a few hundred GeV the
associated FT is around the level of 10% [80]. When compared to the MSSM, this extended
model offers a more problematic FT scenario, as is manifest in Figs. 2.2 and 2.4. This can also
be seen from the comparison of Eq. (2.10) with its MSSM counterpart. In addition to the single
(Bµ)12 and µ212 terms, one now encounters additional (Bµ)1j and µ1lµil, as well as new soft
breaking masses on the right hand-side of the above equation, which must cancel out to achieve
the correct value of MZ .
Finally, and even though in our analysis the VEVs were not fit by the minima equations, but
taken as input parameters instead, let us consider the effect of imposing a small perturbation on
the VEVs, while keeping the other parameters as defined either by input values and/or minima
conditions. As for the previous case of perturbing the minima values of mqii, we now impose that
wi → w′i = (1 + ρq)wi . (2.29)
In Fig. 2.5, we plot the effect onMZ (parametrised by ∆p) arising from taking ρd = ρu = ρ = 1%
for the case of degenerate (left) and non-degenerate VEVs (right). Again we consider µ = 200
GeV and tanβ = 10. It suffices to comment that the larger the VEVs, the more stable they are
under perturbations, and this effect is particularly manifest for the non-degenerate VEV case.
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Figure 2.3: Minima solutions for non-degenerate VEVs as a function of the SUSY scale MS ,
with µ = 200 GeV, and tanβ =10. To the left of the vertical dotted line, the solutions for mqii
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Figure 2.4: ∆p as a function of the SUSY scale MS for perturbations of 1% in the diagonal
soft masses, for non-degenerate VEVS. We take µ =200 GeV and tanβ =10. To the left of the
vertical dotted line, the solutions for mqii are not true minima of the potential. Horizontal lines
denote areas above which one roughly expects a FT stronger than 1% and 10%.
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Figure 2.5: ∆p as a function of the common SUSY scale MS for perturbations of 1% in wi, for
µ =200 GeV and tanβ = 10. On the left we present the degenerate VEV case, on the right the
non-degenerate case.
2.3 Tree-level Higgs mass matrices
We are now in conditions to investigate the Higgs spectrum, which will contain eleven neutral
states, and ten charged physical particles. Let us begin with the derivation of the tree level mass
matrices for the charged scalars.
2.3.1 Charged Higgses















m2i |φ−i |2 +
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6 +H.c.) . (2.30)
5The rotated basis of the charged fields is obtained via an identical transformation of Eq. (2.14).
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W sin 2β b12 cot β+M
2
W cos
2 β b32 b14 cot β b52 b16 cot β
b32 tan β b32 m
2
33−TW b34 m235 b36

















where MW is the mass of the W± boson and TW = 12M
2
W cos(2β)(1 − tan2 θW ). One can
easily identify the massless combinations that will give rise to the charged Goldstone bosons
(G±), “eaten away” as the W± acquire mass. The eigenstates will be henceforth denoted by
h±i , with i = 1 corresponding to the unphysical massless state. The upper-left 4× 4 sub-matrix
of the one above displayed is similar in structure to that derived in [38], in the framework of a
four-Higgs doublet model.
We stress here that the compact appearance of the matrix in Eq. (2.31) is a direct consequence
of working in the Higgs basis. From direct inspection of the above matrix, one can impose that
the diagonal blocks have semi-positive eigenvalues, thus deriving a zeroth order condition for
avoiding tachyonic charged states. For example, for the (φ−3 − φ+4 ) sector, this would read:
m233m
2
44 & b234 , (2.32)
while an identical argumentation within a sector (e.g.(φ−3 − φ−5 ) in the down-type Higgs) would
in turn lead to
m233m
2
55 & m435 . (2.33)
Albeit very useful, the above equations are only necessary (rather than sufficient) conditions
to ensure the presence of true minima, so they should be interpreted as a means of orientation
in the parameter space. Additionally, we notice that simple conditions as those above are only
possible to derive in the Higgs basis.
2.3.2 Neutral Higgses
In our work, we are particularly interested in the neutral Higgs bosons. In order to find the
neutral spectrum of the model, we decompose the complex fields as in Eq. (2.19), and derive
the mass matrices associated with the real and imaginary components. CP conservation in the
Higgs sector translates in the absence of terms mixing the Ri and Ii components, so that scalar
and pseudoscalar states do not mix. For the scalar mass matrix we obtain















2 sin 2β b32 tan β −b14 b52 tan β −b16
−b12−
M2Z
2 sin 2β b12 cot β+M
2
Z sin
2 β −b32 b14 cot β −b52 b16 cot β
b32 tan β −b32 m233+
M2Z
2 cos 2β −b34 m
2
35 −b36
−b14 b14 cot β −b34 m244−
M2Z
2 cos 2β −b54 m
2
46
b52 tan β −b52 m235 −b54 m255+
M2Z
2 cos 2β −b56






It is straightforward to recognise the MSSM scalar Higgs mass matrix as the 2×2 upper left











b12 tan β b12 b32 tan β b14 b52 tan β b16
b12 b12 cot β b32 b14 cot β b52 b16 cot β




2 cos 2β b34 m
2
35 b36




2 cos 2β b54 m
2
46






2 cos 2β b56










In the 2 × 2 submatrix defined by the i, j = 1, 2 entries, it is easy to identify the combination
associated with the massless Goldstone boson. As in the MSSM, the latter degree of freedom is




(I2 sinβ − I1 cosβ) , (2.36)
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cos 2β b34 m235 b36
b14 cscβ b34 m244−
m2Z
2
cos 2β b54 m246













When discussing the issue of minimising the scalar potential, we pointed out that each of the
presented basis (Higgs and superpotential basis) had its own advantages/drawbacks. Here we are
facing a very strong point in favour of the Higgs basis, namely the possibility of rotating away the
pseudoscalar massless state via a transformation that only involves the first two states. Should we
have been working in the superpotential basis, the transformation of Eq. (2.37) would be far more













the rotation parametrised by β would be extended to a 6× 6 matrix, which would act upon the
combination of P † (I1, I2, . . . I6)T .
It is worth recalling that the above mass matrices (scalar and pseudoscalar) are not those
associated with the original (interaction) eigenstates. The relation between the superpotential
basis and the Higgs basis is trivially obtained from Eq. (2.14),
Ri = Pijσj , Ii = Pijϕj , i, j = 1 . . . 6 . (2.39)
In the Higgs basis, the mass matrices can be easily diagonalised by
SRM2RS†R = ∆2R = diag(msi 2) ,
SIM2IS†I = ∆2I = diag(mpi 2) , (2.40)
where ∆2R,I are the diagonal scalar and pseudoscalar squared mass eigenvalues (notice that the
i = 1 term for the pseudoscalars corresponds to the unphysical massless would-be Goldstone
boson). From the above it is straightforward to observe that the matrices that diagonalise the
mass matrices in the original basis can be related to the latter as
Sσ,ϕ = SR,I P . (2.41)
2.3.3 Tree-level Higgs spectrum - a brief discussion
Although a thorough analysis of the Higgs parameter space lies beyond the scope of this work, it
is important to comment on a few issues. The first regards radiative corrections, which play a key
role in the MSSM and its extensions, especially in relation with the mass of the lightest scalar
Higgs. Without radiative corrections, and as occurs in the MSSM, the mass of the lightest
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scalar is bounded to be mh01 . MZ [36]. In the framework of supersymmetric models with
extended Higgs sectors, higher order contributions to the lightest Higgs mass have been already
analysed [81], and the upper bound on mh01 does not differ significantly from the one derived in
the MSSM. Since in this work our aim is not so much to study in depth the Higgs spectra, but
rather investigate to which extent FCNCs push the lower bounds on the heavy Higgs masses,
we simplify the analysis, and use the bare masses instead.
From the analysis of the tree-level mass matrices derived in this section, Eqs. (2.31), (2.34),
(2.35), (2.38), and again working in the Higgs basis, a few interesting patterns can be extracted
for the behaviour of the several mass eigenstates. Beginning with the lighter physical states
(i = 2 for both charged and pseudoscalar states), the bare masses are very similar to what one
has in the MSSM:
ms1 . | cos 2β | MZ ,
(ms2)
2 ≈ (mp2)2 + M2Z ,
(mp2)




2 ≈ (mp2)2 + M2W . (2.42)
In the above, the approximations encode the fact that we have neglected the mixing between the
several states (in each scalar, pseudoscalar and charged sector). Taking the mixing into account
would lead to cumbersome expressions, involving all the states, which could only be numerically
evaluated. For the remaining (heavier) states the physical masses are dominated to a large
extent by the diagonal entries in the corresponding mass matrices, i.e., m233−66. Although the
general case is that the presence of the off-diagonal terms (m2ij and bij) does not substantially
modify the mass spectrum, the situation can be distinct if either one of the latter quantities
becomes close to the values of the diagonal entries, namely
m2ij ≈ 0.9 m2ii , or bij ≈ 0.35 m2ii . (2.43)
If we are in the presence of the above regimes, then more mixing between the states is produced,
and one is ultimately led to the appearance of tachyons. The presence of tachyons is also
triggered by increasingly larger values of tanβ.
Even though we will not address experimental issues, we will adopt the following na¨ıve
bounds (mimicking the MSSM) for the bare masses of the lightest states [82]:
ms1 & 75 GeV , m
p
2 & 91 GeV , m±2 & 80 GeV , (2.44)
where the first bound translates in taking tanβ > 3.
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2.4 Yukawa interaction Lagrangian
In agreement with the superpotential introduced in Section 2.2, the Lagrangian for the interac-



















L +H.c. , (2.45)
where qL,R (Y
u,d
i ) are vectors (matrices) in flavour space, and the quarks appearing above are
interaction (rather than mass) eigenstates, a prime being used to emphasise the latter. This
Lagrangian gives rise to the quark mass matrices and to scalar and pseudoscalar Higgs-quark-
quark interactions. The mass terms for the quarks read













The resulting up- and down-type quark mass matrices can be diagonalised as
V qRM
q V qL
† = diag(mqi ) , q = u, d , (2.48)
while the mass and interaction (primed) eigenstates are related by the following transformations
V qL q
′




R = qR q = u, d . (2.49)
The Cabibbo-Kobayashi-Maskawa (CKM) matrix is defined as





From the above equations it is manifest that in the quark sector, mass matrices and Yukawa
couplings are in general misaligned, the only exception occurring for Yukawa couplings which are
proportional. This misalignment translates into the impossibility of diagonalising both matrices
simultaneously, and is the source of the existence of tree-level FCNCs, as we will briefly discuss.
Let us turn our attention to the Higgs-quark-quark interaction Lagrangian. In the unrotated
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(Vu)ijab hsj u¯aR ubL + i (Wu)ijab hpj u¯aR ubL +H.c.
]
. (2.52)
In the above, a, b denote quark flavours, while i, j = 1, . . . , 6 are Higgs indices, with s (p)
denoting scalar (pseudoscalar) mass eigenstates. The latter are related to the original states as
hs = Sσσ, hp = Sϕϕ, as from Eqs. (2.40,2.41). The scalar (pseudoscalar) couplings V (W) are
defined as
(Vq)ijab =(S†σ)ij (V qR Y qi V q†L )ab ,
(Wq)ijab =(S†ϕ)ij (V qR Y qi V q†L )ab , (2.53)
with i = 1, 3, 5 (2, 4, 6) for q = d (u) and j = 1, . . . , 6. The several rotation matrices appearing
in the previous equation were defined in Eqs. (2.40,2.41,2.48). As a final remark, it is important
to stress that the matrices VL,R which diagonalise the quark mass matrices do not, in general,
diagonalise the corresponding Yukawa couplings. Hence, both scalar and pseudoscalar Higgs-
quark-quark interactions may exhibit a strong non-diagonality in flavour space.
Finally, let us point out that in the Higgs basis R1 and R2 do not have flavour violating
interactions. This is straightforward if one recalls that the Higgs basis mimics an MSSM-
extended model. In the basis of the Higgs physical states, all six (five) scalars (pseudoscalars)
mix, and all play a role in mediating the FCNC processes.
2.5 FCNCs at the tree-level
In this section, we compute the tree-level observables (such as neutral meson mass differences
and CP violation in neutral meson mixing) induced by the exchange of neutral Higgs. These
effects are absent in the SM, and play a determinant role in constraining the free parameters of
the model. We discuss these effects for the case of the neutral kaons, as well as for the Bd, Bs
and D0 − D¯0 systems.
2.5.1 K-meson oscillations and contributions to ∆mK
We begin with the computation of the contributions of the several Higgs fields to the mass
difference of the long- and short-lived neutral kaon states. In terms of effective Hamiltonians,
the neutral kaon mass difference is defined as
∆mK = mKL −mKS ' 2
∣∣MK12∣∣ = 2 ∣∣∣〈K0 ∣∣H∆S=2eff ∣∣K0〉∣∣∣ , (2.54)


















Figure 2.6: Feynman diagrams contributing to ∆mK at tree-level.
where H∆S=2eff is the effective Hamiltonian governing ∆S = 2 transitions. The Hamiltonian can
be decomposed as
H∆S=2eff = Htree +Hloop . (2.55)
In the above we have separated the contributions arising from tree-level diagrams from those
associated with box and higher-loop diagrams. We will focus on the tree-level contributions
to ∆mK induced by the exchange of scalar and pseudoscalar Higgs. From the interaction
Lagrangians previously derived, it is now straightforward to compute the effective Hamiltonian





























where the scalar and pseudoscalar Higgs masses,ms,p, have been defined in Eq. (2.40). Therefore,
the contribution to the kaon mass difference associated with the exchange of a scalar Higgs boson
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mK 497.6 MeV [82] mD0 1.864 GeV [82]
∆mK 3.49× 10−12 MeV [82] ∆mD0 < 46.07× 10−12 MeV [82]
fK 159 MeV [83] fD 224 MeV [84]
mBd 5.279 GeV [82] mBs 5.369 GeV [82]
∆mBd 3.304× 10−13 GeV [82] ∆mBs > 94.8× 10−13 GeV [82]
fBd 215 MeV [85] fBs 245 MeV [85]
Table 2.1: Numerical values used throughout the computation with the corresponding refer-
ences.





















The theoretical prediction for the value of ∆mK thus obtained should be compared with the
experimental value of (∆mK)exp = 3.49 × 10−12 MeV. We stress here that in a SM/MSSM-
like scenario, the Wd, Vd matrices entering in Eqs. (2.58, 2.59) would be diagonal in flavour
space, and thus no tree-level FCNC would occur. This is clear from Eqs. (2.53), since the
flavour content of W and V is proportional to (V dR Y di V d†L )ab. In the SM and MSSM, the
matrices that diagonalise the quark mass matrices VL,R also diagonalise the Yukawa couplings,




L )ab ∝ δab. In multi-Higgs doublet models, where the underlying theory implies that
the Yukawas are proportional among themselves (i.e. Y qi ∝ Y qj ), we also encounter a situation
where no tree-level FCNCs emerge.
Given the purpose of the analysis, we have adopted a simple approach regarding the com-
putation of the meson matrix elements, using the vacuum insertion approximation with non-




























where mK is the kaon mass, and fK the kaon decay constant. In Table 2.1, we present several
relevant input parameters for the computation of meson observables.
Before concluding the analysis of the neutral kaon sector, let us mention that in a scenario
where one has flavour violating neutral Higgs couplings, and given the most generic possibility
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of having a complex CKM matrix, it is natural to expect the occurrence of indirect CP violation
at the tree-level. Although we will not pursue this issue in the following numerical analysis, let
us just stress that the contributions to εK (which parametrises indirect CP violation in the kaon








where λu is defined from CKM elements as λu = V ∗usVud, withMK12 as computed in Eqs. (2.58,2.59)
(under the assumption of complex Yukawa couplings). This new tree-level contribution would
have to be compatible with the SM loop contribution and the experimental bound εK =
(2.284± 0.014)× 10−3 [82].
2.5.2 Other neutral meson systems: Bd, Bs and D
0
Computing the mass differences of neutral B and D mesons introduces no new elements into
the analysis. The approach is entirely identical to that of the kaon system, the only difference
lying in replacing the K0 (s¯d) constituent quarks of Fig. 2.6 by (u¯c), (b¯d) and (b¯s), for D0, Bd
and Bs, respectively. In each case the effective Hamiltonian for scalar and pseudoscalar Higgs
exchange reads as in Eqs. (2.56, 2.57), providing that the following replacements are done6:
Bd: V and W indices (21)→ (31).
Bs: V and W indices (21)→ (32).
D: V andW computed for the up-sector (see Eq. (2.53)); V andW indices (21)→ (12); sum
over interaction eigenstates i = 1, 3, 5→ i = 2, 4, 6.
In each case, the hadronic matrix elements should be also recomputed, and the predictions for
each of the above processes should be confronted with the experimental data summarised in
Table 2.1. Before concluding this section, let us briefly comment on the several observables
mentioned here. First of all, it is widely recognised that, in models with tree-level FCNC,
the most stringent bounds are usually associated with ∆mK . Regarding the Bd sector, it has
also been argued that in the absence of a predictive theory for the Yukawa couplings, the
bounds associated with ∆mBd should be considered as a more reliable constraint, since they do
not involve the mixing between the first two generations [50]. Although we include it in our
analysis, the Bs mass difference is not expected to add any new information. In the SM, this
mixing is already maximal, and the addition of a new contribution would have little effect, the
only exception occurring if new contributions matched exactly those of the SM, but had opposite
sign, in which case a cancellation could take place. Still, this is a very fine-tuned scenario, and
hardly significant, given the uncertainties associated with the computation. Finally, we turn
6In all cases, we are only computing an estimate value, not taking into account neither theoretical uncertainties
(as those associated with the computation of the matrix elements), nor experimental errors.
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our attention to the D0 mass difference. As pointed out in [46, 49] and [86], models allowing
for FCNC at the tree-level may present the possibility of very large contributions to ∆mD, thus
emerging as an excellent probe of new physics effects. The latter contributions are often harder
to control than those associated with, for example, ∆mK . In fact, and as discussed in [49],
the contribution of tree-level FCNCs to ∆mD could even exceed by a factor 20 those to ∆mK .
On the other hand, mixing in the D0 sector is very sensitive to the hadronic model used to
estimate the transition amplitudes, and there is still a very large uncertainty in deriving its
decay constants, etc. Therefore, the constraints on a given model arising from ∆mD should not
be over-emphasised.
Another interesting issue is that of rare decays. It has been argued that, again when no
theory for the full Yukawas is available, some rare decays may become very sensitive to flavour
changing contributions induced by Higgs exchange at the tree-level. In Ref. [50], the authors
have identified that the most promising decay modes involve the leptonic sector, are the li → 3lj
tree-level decays. We will not pursue this issue in the present chapter, reserving its study to the
case of Z3 orbifold compactifications [54], analysed in Chapter 4.
2.6 Flavour violation in SUSY models with three families:
results and discussion
2.6.1 Yukawa couplings: the simple Fritzsch scheme
We have carried out in the previous Section a general analysis of FCNC contributions. This
can be applied to any particular model with three Higgs families, provided that the Yukawa
couplings are known. Lead by simplicity, and following the analysis of [49], we take as an
illustrative example the so-called “simple Fritzsch scheme” [75, 76]. Taking this ansatz for each
of the Yukawa couplings presents two main advantages: it leads to mass matrices with a fairly
hierarchical structure, and allows to fit experimental data on quark masses and mixings for a
reasonable number of free parameters.
The “simple Fritzsch scheme” essentially consists in having all the weak quark eigenstates
adopt identically structured couplings, which display suppressed flavour-changing elements for
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3 , Ci = cim
q
3 , (2.63)
with ai, bi and ci coefficients of order one, and m
q
j the quark masses of the j
th generation
and q = d (u) for i = 1, 3, 5 (2, 4, 6). One further advantage of this choice, which will become
more evident in the subsequent discussion, is that under the above ansatz, the quark masses
and mixings are independent of the chosen VEV regime (although the Yukawas are not). This
means that for a given successful choice of the parameters ai, bi and ci, one can study a number
of distinct VEV schemes, corresponding to different tanβ scenarios.
Let us now present a specific numerical example. Taking the values for the input quark
masses, mqi entering in the ansatz of Eq. (2.63) as mu = 3 MeV, md = 6.5 MeV, mc = 1.25 GeV,
ms = 0.1 GeV, mt = 178 GeV, mb =4.5 GeV, and using the following choice of coefficients
a = {0.45, 0.30, 0.35, 0.45, 0.20, 0.50} ,
b = {0.25, 0.40, 0.45, 0.30, 0.20, 0.35} ,
c = {0.30, 0.45, 0.30, 0.30, 0.40, 0.25} , (2.64)
one obtains the following set of output quark masses
mu = 0.0042 GeV , mc = 1.37 GeV , mt = 179.4 GeV
md = 0.0073 GeV , ms = 0.087 GeV , mb = 4.5 GeV (2.65)
and the associated mixing matrix
|VCKM| =
 0.9742 0.2255 0.00310.2251 0.9733 0.0438
0.0129 0.0420 0.9990
 , (2.66)
which is in good agreement with experimental data. Having the relevant data (Yukawa couplings
and CKM matrix), we can now proceed to estimate the contributions to neutral meson mass
differences. As stressed before, we are considering a general multi-Higgs model, so that we have
no definite scheme for the µ-terms and soft SUSY breaking masses. Therefore, and as done in
Section 2.2, we will assume simple textures for the Higgs sector.
2.6.2 Tree-level FCNC in neutral mesons: numerical results
The first step in evaluating the contributions to tree-level FCNC is to parameterise the Higgs
sector, and thus obtain the mixing matrices and mass eigenstates entering in Eqs. (2.58,2.59).
7For simplicity, and since our main concern is to illustrate the contributions to meson mass difference, we
will assume that the Yukawa couplings are real, so that we will not examine the contributions to CP violation
observables.
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As discussed in Section 2.2, the Higgs basis is far more intuitive to work in than the original
superpotential basis. Working in Higgs-basis notation (see Eqs. (2.14-2.24)), let us assume that




 ⊗ ⊗ ⊗⊗ x3 y
⊗ y x5
× 1TeV , m(u)ij =
 ⊗ ⊗ ⊗⊗ x4 y
⊗ y x6
× 1TeV , √bij = √b× 1TeV ,
(2.67)
where the ⊗ denotes an entry which is fixed by the minimisation conditions (cf. Eqs. (2.22,2.23)).
The above parametrisation can be further simplified by taking x3 = x4 and x6 = x5. Therefore,
we have the following free parameters associated with the Higgs sector:
x3 , x5 ,
√
b , tanβ , (2.68)
and the pattern of VEVs, namely whether they are degenerate or hierarchical. In the numerical
examples we will thus consider the following textures for m2ij and bij .
(A) : x3 = 1 , x5 = 5 , y = 0.4 ,
√
b = 0.3 ,
(B) : x3 = 10 , x5 = 10 , y = 0.6 ,
√
b = 0.5 . (2.69)
In each case, we will consider several values for tanβ, taking it to lie in the range 3 . tanβ . 12.
Moreover, for every tanβ we take to very distinct schemes of VEVs, that while respecting the
electroweak symmetry breaking conditions and being in agreement with the chosen tanβ value,
exhibit either a degenerate pattern (w1 = w3 = w5, w2 = w4 = w6) or a strongly hierarchical
one (w5 = 10w3 = 100w1, w6 = 10w4 = 100w2).
For the above range of tanβ, the Higgs spectra (lightest and heaviest scalar, pseudoscalar
and charged states) is within the following ranges 8:
Texture (A) :
79GeV . ms1 . 90GeV , 198GeV . m
p
2 . 409GeV , 417GeV . m±2 . 203GeV ,




5 . 5011GeV .
Texture (B) :
79GeV . ms1 . 90GeV , 908GeV . m
p
2 . 1547GeV , 909GeV . m±2 . 1549GeV ,




5 . 10047GeV . (2.70)
8In both cases ms1 and the masses of the heaviest states grow monotonically with tan β. However, in the case
of Texture (A), since the mixing induced by b and the diagonal mass x3 are of comparable magnitude, as tan β
grows, so does the mixing between the states, and thus, as pointed out in Section 2.3, the states hp2 and h
±
2 can
become lighter with increasing tan β.
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Figure 2.7: ∆mK/(∆mK)exp as a function of tanβ. Full (dashed) red line denotes texture (A)
for degenerate (hierarchical) VEVs, while a black full (dashed) line refers to texture (B) with
degenerate (hierarchical) VEVs. For Texture (A) a cross marks the appearance of tachyonic
states. The experimental bound is depicted via a dotted horizontal line.
Let us begin by addressing the observable which is associated to most stringent constraints
for this class of models: ∆mK . In Fig. 2.7, we plot ratio ∆mK/(∆mK)exp as a function of
tanβ for textures (A) and (B), considering in each case a pattern of degenerate (Deg) or non-
degenerate (NDeg) VEVs. Fig. 2.7 clearly reflects the most problematic aspect of this class of
multi-Higgs doublet models. Without a symmetry forbidding some of the Yukawa couplings,
and if the Yukawas themselves do not exhibit a strong hierarchical character, the contributions
to the neutral kaon mass difference can only be brought down to the experimental value via a
set of very heavy Higgses, as those of texture (B). A Higgs spectrum closer to the electroweak
scale, with a typical mass scale of 500 GeV, would generate, for the case of degenerate (non-
degenerate) VEVs, contributions to ∆mK of around 30 (3× 104) (∆mK)exp. It is also manifest
that smaller values of tanβ favour smaller contributions. This is due to having the Yukawa
couplings for the down quarks proportional to secβ. The relevance of the VEV regime should
also be emphasised, since the latter plays a very important role. Even though the Yukawas
enter in the contribution to MK12 already rotated by the matrices that diagonalise the quark
mass matrices, it is clear that the smaller the VEVs associated to the first and second quark
generations, the more enhanced will be the (12) matrix elements. In the case of degenerate
VEVs, all the Yukawas are identically suppressed/enhanced9. Naturally, assuming such a large
9This is also related to the specific ansatz for the Yukawa couplings.
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Figure 2.8: ∆mBd/(∆mBd)exp as a function of tanβ. Line and colour codes as in Fig. 2.7.
scale for the soft-breaking terms potentially leads to a fine tuning problem. As pointed out in
Section 2.2.3, and even though the discussion was conducted for a distinct basis, masses above
the few TeV scale are in principle within range of a more than 1% fine tuning.
When compared to some previous studies, our results are more severe. However, let us
stress that in our analysis we have taken a few distinct steps. Firstly, and in comparison to the
ansa¨tze used in [49], our Yukawa couplings are quite different, since accommodating the current
CKM matrix data leads to values of ai, bi and ci quite smaller than those previously considered.
This implies that the present Yukawas are less hierarchic. Moreover, we have explicitly taken
into account the values of the VEVs, and considered the contributions from the exchange of all
physical scalar and pseudoscalar Higgses (not weak interaction eigenstates), taking into account
not only their masses, but also their mixings. It is also important to mention that the values of
the hadronic matrix elements have been revised in the past years.
In Fig. 2.8, we present the contributions to the mass difference of the Bd mesons. As
expected, in this case it is far easier to comply with the experimental bounds. For the case of
degenerate VEVs, even the “lightest” texture (A) succeeds in complying with the experimental
bounds throughout the whole range of tanβ considered, while for the heavier Higgs set (B),
with non-degenerate VEVs. compatibility is obtained for the low tanβ regime (tanβ . 6).
To complete our study, we display in Fig. 2.9 the same analysis for the case of the Bs meson
system. In this case, the experimental bound is a lower (rather than upper bound). As discussed
in Section 2.5, the SM already has maximal mixing in the Bs system, and even though the new
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Figure 2.9: ∆mBs/(∆mBs)exp as a function of tanβ. Line and colour codes as in Fig. 2.7.
contributions may be of identical magnitude, there is no reason to expect a cancellation between
SM and tree-level contributions, which would be associated to an extremely fine tuned scenario
for all the parameters involved.
From the meson systems so far discussed, the most severe constraints arise, as expected, from
the KL − KS mass difference. As a final remark, and following the discussion of Section 2.5,
we briefly comment on the predicted scenario involving the D0 mesons. A study similar to
those conducted for the K0 and B sectors is of less interest, since there is little dependence
of ∆mD/(∆mD)exp on tanβ. This is due to having the up-type quarks Yukawa couplings
associated to cscβ, as seen from Eq. (2.62). Rather than presenting a plot, we will briefly
summarise the situation. With the exception of Texture (A), with non-degenerate VEVs, which
induces contributions to ∆mD around 10 times its experimental value, all other cases predict
contributions below the experimental bound, ranging from 10−3 to 10−1 (∆mD)exp.
To summarise, ansa¨tze for the Yukawa couplings of the “simple Fritzsch” type, when gen-
eralised to multi-Higgs doublet models, typically induce tree-level FCNC’s, and require a Higgs
spectrum at least of order 10 TeV, in order to ensure compatibility with experiment. Notice
however that the results presented here are very dependent on the assumed scheme for the
Yukawa couplings, and are only to be taken as an illustrative example, in the absence of a full
theory for the Higgs-quark-quark interactions.
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2.7 Conclusions
Models that predict family replication in the Higgs sector offer a very aesthetic and phenomeno-
logically interesting scenarios. Although there is abundant motivation for extending the Higgs
sector (in non-minimal SUSY models, GUTs or string constructions, for example), in most cases
the viability of these models is challenged by the occurrence of potentially dangerous FCNCs at
the tree-level.
We have analysed the most general form of the SUSY potential with three Higgs families,
studying its minimisation, and deriving the tree-level expressions for the neutral (scalar and
pseudoscalar) and charged Higgses mass matrices.
The main goal of our study was to derive a model-independent evaluation of the tree-level
contributions to neutral meson mass differences. We have computed the most general expres-
sion for the tree-level neutral Higgs mediated contributions to the mass difference of the neutral
mesons. We took into account the exchange of all Higgs states, included the effects of mixing in
the Higgs sector, and made no approximation with respect to dominant/sub-dominant contri-
butions. This analysis is completely general, and can be applied to any given model with three
Higgs families, independently of its Yukawa structure. As an example, in Section 2.6 we have
assumed a simple ansatz for the Yukawa couplings (in analogy to what had previously been
done), and have considered the contributions of two distinct Higgs spectra to the K0, Bd, Bs
and D0 mass differences, finding that the strongest bound - which as expected arises from ∆mK
- requires a spectrum of order 10 TeV.
We again remark that the results for the Higgs masses are strongly dependent on the spe-
cific ansatz for the Yukawa couplings. Other ansa¨tze, that account for a stronger hierarchy in
the quark sector and still accommodate experimental data on quark masses and mixings, may
generate quite smaller contributions to ∆mK , and thus require a lighter Higgs spectrum. This
possibility is analysed in the following Chapter in the context of Z3 compatifications [53], where
we will show that a Higgs spectra of order 1 TeV can be accommodated. On the other hand, it
is also possible that while generating smaller contributions to ∆mK , the different ansa¨tze induce
larger ∆mB, or ∆mD.
In addition to the contributions to neutral meson mass difference, within the quark sector
there are other processes that also deserve further investigation. For example, let us mention, at
the one loop level, the very suppressed SM and MSSM Bs decays. Processes involving the lepton
sector also offer an even wider field for testing the new contributions induced by the additional
Higgses (neutral and charged). CP violation, given the potential tree-level contributions to εK ,
may also become a stringent bound.
Chapter 3
Phenomenological viability of the
quark sector in Z3 scenarios with
three Higgs families
3.1 Introduction
The understanding of the observed pattern of quark and lepton masses and mixings remains as
one of the most important open questions in particle physics. From experiment, we believe that
Nature contains three families of quarks and leptons, with peculiar mass hierarchies. Moreover,
there is firm evidence that the flavour structure in both quark and lepton sectors is far from
trivial, as exhibited by the current bounds on the quark [82] and lepton [87–89] mixing matrices.
As previously commented in the general introduction, the Standard Model fails in explaining
some important issues such as the fermion flavour structure or the number of fermion families
we encounter in Nature. Moreover, the mechanism of mass generation for quarks and leptons
remains still unconfirmed until the future discovery of the Higgs boson in a collider.
Supersymmetry, supergravity or grand unified theories (GUTs) may repair some deficiencies
of the SM, but they still fail in providing a clear understanding of the nature of masses, mixings
and number of families. In this sense, a crucial ingredient to relate theory and observation is
the precise knowledge of how fermions and Higgs scalars interact, in other words, the Yukawa
couplings of the fundamental theory.
If we want string theory to be the theory of everything, it must therefore necessarily contain
the SM as its low-energy limit. In this sense, string theory must provide an answer to the
above mentioned questions. In Chapter 1 we have seen that the compactification of the E8×E8
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heterotic string [13] on six-dimensional orbifolds [17] turns out to be a very attractive method to
obtain a four dimensional effective theory, and this has proved to be a very successful attempt at
finding the superstring standard model [18–21, 23–25, 29, 51, 62, 64–66, 90–105] As it was shown
in [19, 20], the use of two Wilson lines [17, 18] on the torus defining a symmetric Z3 orbifold
can give rise to SUSY models with SU(3) × SU(2) × U(1)n gauge group and three families of
chiral particles with the correct SU(3)× SU(2) quantum numbers. These models present very
attractive features from a phenomenological point of view. One of the U(1)s of the extended
gauge group is in general anomalous, and it can induce a Fayet-Iliopoulos (FI) D-term [22] that
would break SUSY at very high energies (FI scale ∼ O(1016−17 GeV)). To preserve SUSY, some
fields will develop a vacuum expectation value (VEV) to cancel the undesirable D-term. The
FI mechanism allows to break the gauge group down to SU(3)c × SU(2)L × U(1)Y and obtain
the mass spectrum of the minimal supersymmetric standard model (MSSM), plus some exotic
matter, as extra singlets, doublets or vector-like triplets, depending on the model, as shown in
Refs. [21, 24, 25].
Orbifold compactifications have other remarkable properties. For instance, they provide
a geometric mechanism to generate the mass hierarchy for quarks and leptons [26–28, 30, 33]
through renormalisable Yukawa couplings. Zn orbifolds have twisted fields which are attached
to the orbifold fixed points. Fields at different fixed points may communicate with each other
only by world sheet instantons. The resulting renormalisable Yukawa couplings can be explicitly
computed [26, 27, 31, 32, 34, 35] and they receive exponential suppression factors that depend on
the distance between the fixed points to which the relevant fields are attached. These distances
can be varied by giving different VEVs to the T -moduli associated with the size and the shape
of the orbifold.
However, the major problem that one encounters when trying to obtain models with entirely
renormalisable Yukawas lies at the phenomenological level, and is deeply related to obtaining the
correct quark mixing. Summarising the analyses of Refs. [30, 33], for prime orbifolds the space
group selection rules and the need for a fermion hierarchy forces the fermion mass matrices to
be diagonal at the renormalisable level. Thus, in these cases, the Cabibbo-Kobayashi-Maskawa
(CKM) parameters must arise at the non-renormalisable level. For analyses of non-prime orb-
ifolds see Refs. [30, 33, 120, 121].
For example, since the FI breaking generates VEVs for fields of order 〈χj〉 ∼ 1016−17 GeV,
if one has terms in the superpotential of the type 1MmP χ1 · · · χm ξ ξ ξ, these would produce
couplings of order (MFI/MP )m. Therefore, depending on m, different values for the couplings
might be generated. Obviously, the presence of these couplings is very model-dependent and
introduces a high degree of uncertainty in the computation. However, it is important to remark
that having the latter couplings is not always allowed in string constructions. First of all, they
must be gauge-invariant, something that is not easy to achieve, due to the large number of U(1)
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charges which are associated to the particles in these models. Even if the couplings fulfil this
condition, this does not mean that they are automatically allowed. They must still fulfil the
so-called “stringy” selection rules. For example in the SU(3)× SU(2)× U(1)Y × SO(10)hidden
model of Ref. [24], where renormalisable couplings are present, only a small number of non-
renormalisable terms are allowed by gauge invariance. Nevertheless, even the latter terms turn
out to be forbidden by string selection rules.
Clearly, purely renormalisable Yukawa couplings are preferable, because, in general, due to
the arbitrariness of the VEVs of the fields entering the non-renormalisable couplings, the pre-
dictivity is lost. Furthermore, as discussed above, higher-order operators such as those induced
by the FI breaking are very model-dependent. One possibility of avoiding the necessity of these
non-renormalisable couplings is to relax the requirement of a minimal matter content (with just
two Higgs doublets) in a Z3 orbifold with two Wilson lines. Since these models naturally contain
three families of everything, including Higgses, additional Yukawa couplings will be present, with
the possibility of leading to realistic fermion masses and mixings, entirely at the renormalisable
level (with a key role being played by the FI breaking) [66]. In addition, and given the existence
of three families of quarks and leptons, having also three families of Higgses renders these mod-
els very aesthetic. In fact, let us recall that experimental data imposes no constraints on the
number of Higgs families. Moreover, this non-minimal Higgs content, provided that the extra
doublets are light enough to be present at low-energies, also favours the unification of gauge
couplings in heterotic string constructions. Due to the FI scale, the gauge couplings may unify
at the string scale [64].
Thus, this class of string compactifications is one of the scenarios where one can obtain a
SM/MSSM compatible low-energy theory, albeit with an extended Higgs sector. Furthermore it
offers a solution to the flavour problem of the SM and MSSM, since the structure of the Yukawa
couplings is completely derived from the geometry of the high-energy string construction. Given
the increasing experimental accuracy, accommodating the data on quark masses and mixings
is not straightforward. In this chapter, we propose to investigate in detail whether or not it is
possible to obtain Z3 orbifold configurations that successfully reproduce the observed flavour
pattern in Nature. In this sense, having additional Yukawa couplings presents several advantages,
as for example a greater flexibility when fitting the data from the quark masses and mixings.
On the other hand, as analysed in Chapter 2, when working in a multi-Higgs context we
should also take into account the potential appearance of FCNCs at the tree level, which could
contribute to a wide variety of Higgs decays and interactions with other particles As we will
see, the Yukawa couplings of this Z3 scenario exhibit a strongly hierarchical structure, and this
property is instrumental in circumventing the FCNC problem without the need for an excessively
heavy Higgs sector.
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Z3 orbifolds are also very attractive when addressing the lepton sector, and in fact offer
an appealing scenario to study the problem of neutrino masses. We postpone this analysis for
Chapter 4 [54].
In this chapter we describe the main properties of the Yukawa couplings in Z3 orbifold
models. We study the relations between the several orbifold parameters induced from the quark
mass hierarchy and from electroweak symmetry breaking. Finally, the numerical analyses of
the orbifold parameter space and FCNCs in association with specific Higgs textures is given,
addressing the possibility of new contributions to indirect CP violation.
3.2 Yukawa couplings in Z3 orbifold models
In this section we will briefly review the characteristics of Yukawa couplings between twisted
fields in the Z3 orbifold. As it was previously discussed in Chapter 1 we showed that the Z3
orbifold is constructed by dividing R6 by the [SU(3)]3 root lattice modded by the point group
(P) with generator θ, where the action of θ on the lattice basis ei (with i = 1, 3, 5) is
θei = ei+1 , θei+1 = −(ei + ei+1) . (3.1)
The two-dimensional sublattices associated to [SU(3)]3 are presented in Fig. 3.1. Let us employ
the following definition for the orfifold radii and angles
Rk ≡ |ek| , αkl ≡ cos θkl, (3.2)
where k, l = 1, ..., 6 and ekel = RkRl cos θkl. Initially, the six-torus of the Z3 orbifold has 21
degrees of freedom (six radii and fifteen angles). However, taking into account the relations that
P-invariance imposes reduces these to only nine. Indeed, preserving the magnitude of the lattice
basis leads to the relations
Ri = Ri+1 , αi,i+1 = −1/2 . (3.3)
If we also want to preserve the angles under the action of P then we will obtain
αi,j+1 + αi+1,j + αi,j = 0 , αi,j = αi+1,j+1. (3.4)
Taking into account the previous constraints, only the following nine deformation parameters
are left [30]:
R1 , R3 , R5 , α13 , α15 , α35 , α14 , α16 , α36 . (3.5)
In the Z3 orbifold without deformations the angles between complex planes are vanishing, how-
ever this need not be the case. These nine deformation parameters are associated to the VEVs






Figure 3.1: Two dimensional sublattice of the Z3 orbifold, symbolically denoting the fixed points
as (◦, •,×).
of the nine singlet moduli fields, denoted by T , that appear in the spectrum of the untwisted
sector.
As commented in Chapter 1, twisted strings in orbifolds appear attached to fixed points
under the point group. In the case of the Z3 orbifold there are 27 fixed points under P, and
therefore 27 twisted sectors. We will denote the three fixed points of each two-dimensional
sublattice as shown in Fig. 3.1. It was shown in Ref. [17] that given two fields associated to two
fixed points f1, f2, they can only couple to a unique third fixed point f3 as a consequence of the
so-called space group selection rules (thus there are 27× 27 = 729 allowed Yukawa couplings).
In particular, the components of the three fixed points in each sublattice must be either equal
or different.
The expressions for the different Yukawa couplings can be found for example in the Appendix
of Ref. [34]. They contain suppressions factors that depend on the relative positions of the fixed
points to which the fields involved in the coupling are attached (i.e. f1, f2, f3) and on the size
and shape of the orbifold (i.e. the deformation parameters in Eq. (3.5)). In fact, it is possible
to show that only 14 couplings out of the 729 allowed are different. In the particular case of
an orthogonal lattice, i.e. when the six angles in Eq. (3.5) are zero, there are only 8 distinct
couplings. We will show in the following sections that these three radii are sufficient to fit the
whole quark masses, and so we henceforth restrict the discussion to this case.
Let us begin by presenting the general form of the Yukawa couplings. They are given by the
Jacobi theta function [34],
Yθθθ = g N
∑
u∈Z6
exp [−2pi(f23 + u)TM(f23 + u)] , (3.6)
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V is the volume of the unit cell for the Z3 lattice and Γ is the Euler’sGamma function. The vector
f23 represents the six components of (f2 − f3). One can check that the only eight inequivalent
possibilities are










































































corresponding to three fields with the same fixed point components in three sublattices, two
sublattices, one sublattice, and no sublattice, respectively.
Under the simplest assumption of an orthogonal lattice, the matrix M takes the form
M =

T1 −12T1 0 0 0 0
−12T1 T1 0 0 0 0
0 0 T3 −12T3 0 0
0 0 −12T3 T3 0 0
0 0 0 0 T5 −12T5
0 0 0 0 −12T5 T5

. (3.9)
In the latter, Ti are the diagonal moduli VEVs whose real parts are associated to the internal






It turns out that for values of the moduli of order one, all terms in the sum of Eq. (3.6) are
negligible with respect to those corresponding to the shortest distance between fixed points. For
example, for the fourth vector in Eq. (3.8) the sum, say ε5, is given by
ε5 = 3 e−
2pi
3
T5 (1 + 6 e−2piT1 + 6 e−2piT3 + . . . ) , (3.11)
where the dots denote terms with larger suppression factors, which can therefore be approxi-
mated as
²5 ≈ 3 e− 2pi3 T5 . (3.12)
Taking this into account, the sums in Eq. (3.6) corresponding to the different vectors in Eq. (3.8)
can be approximated respectively as
1 , ε1 , ε3 , ε5 , ε13 , ε15 , ε35 , ε135 , (3.13)
where εi = 3 e−
2pi
3
Ti , εij = εiεj , and ε135 = ε1ε3ε5. Let us stress that in the case without
deformations, i.e. assuming an orthogonal lattice with Ti = T , there are only four different




Through the following sections we will analyse how the suppression factors εi can be employed
to provide the desired hierarchies between the different fermion Yukawa couplings, with the aid
of the FI breaking.
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3.3 Masses and mixings before the Fayet-Iliopoulos breaking
With the previous results we can now turn proceed to analyse the construction of fermion mass
matrices in models with two Wilson lines. As a first approach to the problem, let us study the
case prior to the FI breaking (as presented in [66]), assuming that the two non-vanishing Wilson
lines (a1, a3) correspond to the first and second sublattices. Then the 27 twisted sectors come in
nine sets with three equivalent sectors in each one. The three generations of matter (including
Higgses) correspond to changing the third sublattice component (×, • , ◦) of the fixed point
whilst keeping the other two fixed. In what follows we shall consider a particular assignment of
Standard Model matter to different fixed point components. This is a “bottom-up” approach in
that we do not explicitly construct the models but are asking which assignment is appropriate
for the observed masses and mixings.
Q ↔ ◦ ◦ uc ↔ ◦ ◦ dc ↔ ×◦
L ↔ • • ec ↔ • × νc ↔ ××
Hu ↔ ◦ ◦ Hd ↔ • ◦ . (3.14)
Assuming three different radii for the orbifold, and before taking into account the effect of the
FI breaking, the fermion Yukawa mass matrices will be given by the following expression [66]:
Mu = g N Au , Md = g N ε1Ad ,
Mν = g N ε1 ε3Au , Me = g Nε3Ad , (3.15)
where
Au =
 w2 w6 ε5 w4 ε5w6 ε5 w4 w2 ε5
w4 ε5 w2 ε5 w6
 , Ad
 w1 w5 ε5 w3 ε5w5 ε5 w3 w1 ε5
w3 ε5 w1 ε5 w5
 , (3.16)
Here wui , w
d




i respectively. For simplicity we will assume
for the moment that these VEVs, as well as those of the moduli Ti, are real. Of course, in
general they can be complex numbers, and later on we will address the importance that this
may have for CP violation.
The elements in the above matrices can be obtained straightforwardly. For example, if the
Higgs Hu1 corresponds to (◦,◦,◦), then since the three generations of (3,2) quarks Q correspond
to (◦,◦,(◦,×,•)) and the three generations of (3¯,1) quarks uc to (◦,◦,(◦,×,•)), there are only three
allowed couplings,
{(◦,◦,◦)(◦,◦,◦)(◦,◦,◦)} , {(◦,◦,◦)(◦,◦,×)(◦,◦,•)} , {(◦,◦,◦)(◦,◦,•)(◦,◦,×)} .
The corresponding suppression factors are given by 1, ε5, ε5 respectively, and are associated
with the elements 11, 23, 32 in the matrix Mu.
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Now let us consider the first two mass matrices in Eq. (3.15), and ask ourselves wheter we
can fit the observed quark masses and mixings with them. As we will show, these matrices are
very constrained, and indeed it is possible to see that they are incompatible with a successful
CKM matrix.
In order to prove this we can use the following procedure to find the CKM matrix. The
symmetric matrices Au,d of Eq. (3.16) can be diagonalised by the matrices Vu,d
Au,ddiag = Vu,d A
u,d V Tu,d , (3.17)
The CKM matrix is then
VCKM = Vu V Td . (3.18)
The matrices Vu,d may be thought as a product of three orthogonal rotations [66]. It can be
checked that, assuming ε5 sufficiently small, the quark mass eigenvalues and diagonalization of
Au,d can be expanded in series as
Vu,d A
u,d V Tu,d =
 w1,2 0 00 w3,4 0
0 0 w5,6
+O(ε5) , (3.19)







− w6w2−w4 ε5 1 w2w4−w6 ε5









− w5w1−w3 ε5 1 w1w3−w5 ε5
− w3w1−w5 ε5 − w1w3−w5 ε5 1
+O(ε25) . (3.21)
Without FI breaking therefore, the mass hierarchies must be provided entirely by the Higgs
VEVs, and we have
{w1, w3, w5} ∝ {md, ms, mb} ,
{w2, w4, w6} ∝ {mu, mc, mt} . (3.22)
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From the VCKM matrix elements we can derive those values of ε compatible with a realistic
mixing for the quarks. For (VCKM)12 ≈ 0.22, a value of ε5 ≈ can be obtained. However, the rest
of the matrix elements are generally not well fitted, leading to the conclusion that the orbifold
model considered without the effects of FI breaking fails at the quark mixing stage [66]. In the
next section we will see how the presence of the FI mixing can affect the previous results in a
crucial way, allowing for the matching of model with the experiment.
3.4 Quark mass matrices and Yukawa couplings after the Fayet-
Iliopoulos breaking
As discussed in Chapter 1, the anomalous U(1) of the extended SU(3)× SU(2)× U(1)n gauge
group generates a Fayet-Iliopoulos D-term which can in principle break SUSY at energies close
to the string scale. This term can be cancelled when scalar fields (Ci), which are singlets under
SU(3)× SU(2), develop large VEVs (1016−17 GeV). The VEVs of these fields (ci), have several
important effects. Firstly, they break the original SU(3) × SU(2) × U(1)n gauge group down
to the (MS)SM SU(3) × SU(2) × U(1). Secondly, they induce very large effective mass terms
for many particles (vector-like triplets and doublets, as well as singlets), which thus decouple
from the low-energy theory. After the breaking, many particles, which we will refer to as ξ, are
expected to acquire a high mass because of the generation of effective mass terms. These come
for example from operators of the type Cξξ. In this way vector-like triplets and doublets and
also singlets become heavy and disappear from the low-energy spectrum. Even so, the Standard
Model matter remain massless, surviving through certain combinations with other states. Let
us consider the simplest example studied in [66], a model with the Yukawa couplings
C1ξ1f , C2ξ1ξ2 , (3.24)
where f denotes a Standard Model field, ξ1,2 denote two extra matter fields (triplets, doublets
or singlets), and C1,2 are the fields developing large VEVs denoted by 〈C1,2〉 = c1,2. It is worth
noting here that f can be an uc, dc, L, νc or ec field, but not a Q field. This is because in these
orbifold models no extra (3,2) representations are present, and therefore the Standard Model
field Q cannot mix with other representations through Yukawas.
Clearly the ‘old’ physical particle f will combine with ξ1,2. It is now straightforward to
diagonalize the mass matrix arising from the mass terms in Eq. (3.24) to find two very massive
and one massless combination. The latter is given by
f ′ ≡ 1√|c1|2 + |c2|2 (c∗2f − c∗1ξ2) . (3.25)
Notice for example that the mass terms (3.24) can be rewritten as
√|c1|2 + |c2|2 ξ1ξ′2, where
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ξ′2 ≡ 1√|c1|2+|c2|2 (c1f + c2ξ2). Indeed the unitary combination is the massless field in Eq. (3.25).
The Yukawa couplings and hence mass matrices of the effective low energy theory are modified
accordingly. For example, consider a model where we begin with a Yukawa couplingHQf . Since
we have
f =
1√|c1|2 + |c2|2 (c2f ′ + c∗1ξ′2) , (3.26)
then the ‘new’ coupling (involving the light state) will be
c2√|c1|2 + |c2|2HQf ′ .
The situation in realistic models is more involved since the fields appear in three copies.























































where ε′, ε′′ can take different values
ε′, ε′′ ≡ 1 , ε1 , ε3 , ε1ε3 , (3.28)
depending on the particular case. For example, if the field f corresponds to the down quark
with the assignment as in Eq. (3.14), and the fields C1, C2, ξ1, ξ2 have the assignments for the
first two sublattices (× ◦), (◦ ×), (× ◦), (• •), respectively, then ε′ = 1 and ε′′ = ε1ε3.
Now, in order to simplify the analysis, let us consider the following VEVs for the Ci1,2 fields
1
c11 ≡ c1 , c21 = c31 = 0 ,
c12 = c
3
2 = 0 , c
2
2 ≡ c2 . (3.29)
Then Eq. (3.27) gives rise to the mass terms√
|cˆ1|2 + |cˆ2ε5|2 ξ11ξ′12 +
√
|cˆ1ε5|2 + |cˆ2|2 ξ21ξ′22 + ε5
√
|cˆ1|2 + |cˆ2|2 ξ31ξ′32 (3.30)
where
ξ′12 ≡
1√|cˆ1|2 + |cˆ2ε5|2 (cˆ1f1 + cˆ2ε5ξ32) ,
ξ′22 ≡
1√|cˆ1ε5|2 + |cˆ2|2 (cˆ1ε5f3 + cˆ2ξ22) ,
ξ′32 ≡
1√|cˆ1|2 + |cˆ2|2 (cˆ1f2 + cˆ2ξ12) , (3.31)




i (|c1i |2+|c2i |2+
|c3i |2) = const, where Q(a)i are the charges of the Ci fields under the anomalous U(1), and therefore flat directions
arise. As for the T -moduli, these VEVs can eventually be determined dynamically through supersymmetry
breaking.
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and
cˆ1 ≡ ε′c1 , cˆ2 ≡ ε′′c2 . (3.32)
All these effects modify the mass matrices of the low-energy effective theory (see Eq. (3.15)),
which, are now given by2
Mu = g N auc AuBuc ,
Md = g Nε1 adc AdBdc , (3.33)
where Au,d are the quark mass matrices prior to FI breaking (see Eq. (3.16)), af is given by
af =
cˆf2√
|cˆf1 |2 + |cˆf2 |2
, (3.34)
with f = uc, dc, and Bf is the diagonal matrix defined as
Bf = diag (βf ε5, 1 , αf/ε5 ) . (3.35)
Finally
αf = ε5
√√√√ |cˆf1 |2 + |cˆf2 |2
|cˆf1ε5|2 + |cˆf2 |2
, βf =
√√√√ |cˆf1 |2 + |cˆf2 |2
|cˆf1 |2 + |cˆf2ε5|2
. (3.36)
In the above, cˆfi are derived from the VEVs of the heavy fields responsible for the FI breaking
as
cˆf1 ≡ ε′(f) cf1 , cˆf2 ≡ ε′′(f) cf2 , (3.37)
where in each case ε′ and ε′′ can take any of the following values:
ε′ , ε′′ ≡ 1, ε1, ε3, ε1 ε3 . (3.38)
Let us also stress that one should not take αf , βf , ε5 and af as independent parameters. In












2Note that although the ci are in general complex VEVs, they only introduce a global and therefore unphysical
phase in the mass matrix. More complicated examples would in principle give rise to a contribution to the CP
phase [66]. This mechanism to generate the CP phase through the VEVs of the fields cancelling the FI D-term
was used first, in the context of non-renormalisable couplings, in Ref. [30]. For a recent analysis, see Ref. [122].
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 , AdBdc =
 w1 ε5 β


























the structure of the Yukawa couplings is easily derived from Eq. (3.41). For the down sector,
the latter read:







 , Y d3 = gNε1adc






Y d5 = gNε1a
dc





The Yukawa couplings for the up-type quarks can be also obtained by doing the appropriate
replacements: (ε1ad
c
)→ auc and αdc , βdc → αuc , βuc .
Expanding the eigenvalues of the quark mass matrices up to leading order in ε5, one can
derive the following relation3 for the Higgs VEVs in terms of the quark masses4 [66]






























The most striking effect of the FI breaking is that it enables the reconciliation of the Yukawa
couplings predicted by this scenario with experiment. In particular, and as we will see in
Section 3.5.1, the quark spectra and a successful CKM matrix can now be accommodated.
3Regarding quark mixing, it is also possible to obtain analytical expressions (up to second order in ε5) for the
several CKM matrix elements, as done in Ref. [66].
4Notice that there is a misprint in these equations in Ref. [66], where in the corresponding version of Eq. (3.44)
the factor ε55 appeared as ε
2
5.
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3.4.1 Electroweak symmetry breaking and the orbifold parameter space
In addition to the hierarchy constraint imposed by the observed pattern of quark masses, the















2 + g′2) ≈ (174 GeV)2 . (3.45)
































)2] ≈ (174GeV)2 . (3.46)
We notice that the above condition can always be fulfilled since the quark Yukawa matrix

















































From the above equation it becomes manifest that by considering a given value for tanβ we
are implicitly defining ε1, for fixed values of ε5 and αf . This in turn implies that according to
Eq. (3.46), g N is in fact a function of tanβ, ε5 and αf , and its value, g N ≈ 1, suffers tiny
fluctuations (of order 1% - 10%) in order to accommodate the correct electroweak symmetry
breaking. The latter statements become more transparent noticing that by bringing together
Eqs. (3.46) and (3.48), one can derive useful relations that allow to express gN and ε1 as a














































5Whenever referring to a parameter whose value was estimated using the electroweak symmetry breaking
conditions, and which is a function of tan β, we will use the designation “EWSB fit”.
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The first equality of Eq. (3.49) provides a clear insight to understanding the smallness of the
fluctuations of g N . Assuming the limit where αu
c
, ε5 ¿ 1, auc ∼ ε5/αuc , so that g N ≈ mt/(174
GeV).
It is also important to comment on the relative size of the VEVs cˆ1 and cˆ2. From the







2 |cf2 | , (3.50)
where we have used the definitions of Eqs. (3.37) and (3.38). If, for example, one assumes the






2 ∼ 1 . (3.51)
To conclude this section, let us make a few remarks regarding two topics so far not discussed.
Firstly, and since it is well known that the CP symmetry is not conserved in nature, it is
important to comment on the sources of CP violation present in this class of models. The
Yukawa couplings have been defined through real quantities, so that no physical phase appears
via the CKM mechanism. However, this need not be the most general scenario. Dismissing for
the present time the possibility of spontaneous CP violation, associated with non-trivial phases
of the Higgs VEVs, there still remains another source of CP violation, in addition to the one
already mentioned in footnote 2. Should the VEV of the moduli field have a phase, then CP
(which is a gauge symmetry of the model) would be spontaneously broken at very high energies.
The phases would be fed into εi (thus also appearing in αf ), and would be present in the Yukawa
couplings. Therefore, in the low-energy theory, CP would be explicitly violated via the usual
CKM mechanism [123, 124].
It is also relevant to mention the effect of the renormalisation group equations (RGE) on
the mass matrices presented in this section. The flavour structure of Eqs. (3.33) and (3.41) is
associated with a mechanism taking place at a very high energy scale. However, and given the
clearly hierarchical structure of the quark mass matrices, one does not expect that RGE running
will significantly affect the predictions of the model.
3.5 Numerical results
In the present scenario, most of the observables addressed in the previous section receive their
dominant contributions from tree-level processes. This situation strongly diverges from the
usual scenarios of both SM and MSSM, where FCNCs only occur at the 1-loop level. Given
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the increasing experimental accuracy, it is important to investigate to which extent the present
scenario is compatible with current experimental data.
We divide the numerical approach in two steps. Firstly, we focus on the string sector of
the model, and for each point in the space generated by the free parameters of the orbifold
(ε5, αf ), we derive the up- and down-quark mass matrices6 and compute the CKM matrix. This
procedure allows us to investigate the several regimes of parameters that translate into viable
quark spectra, and discuss the implications of the relations between the several parameters. At
this early stage, we consider only real values for the orbifold parameters. Further imposing the
conditions associated to electroweak symmetry breaking given in Eq. (3.46), and fixing a value7
for tanβ, one can then determine the values of g N and ε1 (cf. Eqs. (3.48) and (3.49)). Another
possible approach would be to scan over the space generated by the moduli (Ti) and the VEVs
of the SU(3)×SU(2) singlet fields (ci), but this would translate in less straightforward relations
between the orbifold parameters and the experimental data. A secondary step requires specifying
the several Higgs parameters, which must obey the minimum criteria of Eqs. (2.22 and 2.23).
Finally, the last step comprehends the analysis of how each of the Yukawa patterns constrains
the Higgs parameters in order to have compatibility with the FCNC data. In particular, we want
to investigate how heavy the scalar and pseudoscalar eigenstates are required to be in order to
accommodate the observed values of ∆mK , ∆mBd , etc.
3.5.1 Quark Yukawa couplings and the CKM matrix
As discussed in [66], there are three regimes for the values of αf and βf , depending on the
specific orbifold configuration :
(a) αf ∼ ε5 and βf ∼ 1;
(b) αf ≈ ε5 and βf ≈ 1/ε5;
(c) αf ∼ 1 and βf ∼ 1.
In any case, it is clear from Eq. (3.36) that αf and βf must obey, by construction, the following
bounds:




In what follows we investigate whether each point in the orbifold parameter space can be associ-
ated with a consistent quark spectrum and mixings. For given values of the input quark masses,
6It is worth emphasising here that the quark masses appearing in Eq. (3.44) (and in all subsequent relations)
are used on the sole purpose of obtaining an approximate determination of the VEVs. Afterwards, the actual
values of mqi are exactly computed.
7We recall here that tan β is a necessary parameter to specify the Higgs sector, which in turn is mandatory to
investigate the issue of FCNCs in the present model.
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Set mu md mc ms mt mb
A 0.004 0.008 1.35 0.13 180 4.4
B 0.0035 0.008 1.25 0.1 178 4.5
C 0.0035 0.004 1.15 0.08 176 4.1
D 0.004 0.006 1.2 0.105 178 4.25
Table 3.1: Sets of input quark masses (in GeV) used in the numerical analysis.
one fixes the ratio of the several Higgs VEVs, which in turn allows to reconstruct the full quark
mass matrices, and obtain the mass eigenstates and CKM matrix. In particular, throughout this
analysis we shall focus on four sets of input quark masses, whose values are listed in Table 3.1.
Throughout, we require the CKM matrix elements to lie within the following ranges [82]:
VCKM =
 0.9739− 0.9751 0.221− 0.227 0.0029− 0.00450.221− 0.227 0.9730− 0.9744 0.039− 0.044
0.0048− 0.014 0.037− 0.043 0.9990− 0.9992
 . (3.53)
Regarding the effect of the orbifold parameters on quark mixing, let us notice that both ε5 and
αu
c
are crucial in obtaining the Cabibbo angle. As expected, the down-sector parameters are
those directly responsible for the mixings between generations, and their role is particularly
relevant in determining Vtd (αd
c
- and to a lesser extent, also αu
c
), Vts, Vub and Vcb. Once these
elements are fixed in accordance with experiment, the others are usually also in agreement.
Finally, let us recall that from choosing a concrete value for tanβ, and complying with the
bound on MZ from electroweak symmetry breaking, Eqs. (3.46) and (3.48), one is implicitly
fixing for each set of {ε5, αf , βf}, the values of ε1 and g N .
In Fig. 3.2, we present the correlation between the orbifold parameters, for the four sets of
input quark masses given in Table 3.1. We only present points that are associated with viable
quark masses and that are in agreement with current bounds on |VCKM| (from Eq. (3.53)).
Rather than scatter plots, in Fig. 3.2 we present sets of points. This is due to having very
narrow intervals of fluctuation for all the parameters. As an example, let us mention that for
constant values of ε5, αd
c
and βf , αu
c
is fixed within a 2% interval. From Fig. 3.2 it is clear
that for a given set of Higgs VEVs (determined by the associated set of input quark masses -
Table 3.1) the allowed orbifold parameter space is very constrained. This is a direct consequence
of the increasing accuracy in the experimental determination of the VCKM. In each set (A–D),
moving outside the displayed ranges would translate in violating the experimental bounds on (at
least) one of the CKM matrix elements. Larger values of ε5 would also (typically) be associated
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Figure 3.2: Correlation between the orbifold parameters (αu
c
, ε5) and (αd
c
, ε5), for distinct
sets of input quark masses, A-D (red full lines, red dashed lines, full black and dashed black
lines, respectively).
with an up-quark mass below the current accepted range. Regarding the values of βf , these are
constrained to be βf ≈ 1 throughout the allowed parameter space (cf. Eq. (3.40)). From the
direct inspection of Fig. 3.2, together with the fact that βf ≈ 1, it appears that at least two
regimes for αf are present. For the up sector, one would suggest that the orbifold configuration
is such that αu
c
is roughly O(ε5), so that one is faced with regime (a). The same would happen
for sets A and B in the down sector, although sets C and D appear to favour a regime with
αd
c ∼ 1, thus suggesting regime (c).
Let us now aim at understanding the behaviour of both αu
c,dc as a function of ε5. In
Ref. [66], several analytical relations for the CKM matrix elements as a function of {ε5, αf , βf}
were derived. Although those relations were computed for the case of hermitic mass matrices,
where V fL = V
f
R , and are thus not truly valid for the present case, they are quite useful in














and the above expression is clearly dominated by the first term on the right-hand side (r.h.s).
From Eq. (3.54), it becomes transparent that the dependence of αu
c
on ε5 should indeed be
parabolic, as clearly displayed in Fig. 3.2. Regarding αd
c
, its evolution is strongly influenced
by the allowed regions of ε5 (as dictated by the quark mass regimes taken as input, especially
ms/mb). For sets A and B, the ratio of down-type quark masses is such that the leading term
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(full and dashed lines, respectively) as a function of ε5. Vertical
dotted lines isolate the ranges of ε5 associated with each set A-D.


























provides a reasonable understanding of αd
c
(ε5). For sets C and D, the situation is more involved,
and the second term on the r.h.s. of Eq. (3.55) plays an important role. In fact, αd
c
receives
contributions which display a near-resonant behaviour for the input quark mass ratios in the
correspondent ε5 range. This is the origin of the unexpected positioning of set C in Fig. 3.2. We




. By construction, and as clearly seen from Eq. (3.39),
once ε5 and αf (or equivalently ε5 and βf ) are set, one is implicitly fixing af . Moreover,
satisfying the electroweak symmetry breaking conditions for the VEVs, together with imposing





as a function of ε5, as determined from Eq. (3.39).
As seen from Fig. 3.3, the behaviour of set C regarding ad
c
is slightly misaligned with what





(cf. Eq. (3.39)). Recall from Fig. 3.2 that for set C, the allowed values
of αd
c
were somewhat higher than for the other cases, and this is the source of the suppression
displayed in Fig. 3.3, set C.
In Fig. 3.4, we present the values of ε1 as a function of ε5 for the four sets of quark masses,
and distinct regimes of tanβ. From Fig. 3.4 we can also verify that the values of ε1 are, in
general, larger than those of ε5. The “misaligned” behaviour of set C is again a consequence of
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Figure 3.4: ε1 as a function of ε5 for tanβ =3, 5, 10 and 20 (red full lines, red dashed lines,
full black and dashed black lines, respectively). Vertical dotted lines isolate the ranges of ε5
associated with each set A-D.
the effects already discussed. Regarding the actual value of g N it suffices to mention that for
the orbifold parameter space here investigated, and for the values of tanβ here selected, one has
1.03 . g N . 1.16 .
Since we now have the relevant information, we can further compute the value of the lattice’s
diagonal moduli, T1 and T5, as defined in Eq. (3.10). The value of T5 is unambiguously deter-
mined. Nevertheless, and since the determination of ε1 is a direct consequence of complying
with the electroweak symmetry breaking conditions for a fixed value of tanβ, its determination
varies accordingly. In Fig. 3.5 we display the diagonal moduli as a function of ε5, for tanβ =3,
5, 10 and 20. From Fig. 3.5, it is manifest that for the parameter space investigated, the values
of the diagonal moduli, T1 and T5, are never degenerate. This confirms our original assumption
that distinct moduli are indeed required to accommodate the experimental data. Although we
have allowed for non-degenerate Ti, this remains quite a restrictive choice. We recall that we still
have six additional degrees of freedom, namely the angles between the complex planes, which
we have taken as zero in the present analysis.
To conclude the study of the orbifold parameter space, let us just plot the values of the
Higgs VEVs, again as a function of ε5. As an illustrative example, depicted in Fig. 3.6, we
take tanβ = 5. It is interesting to comment that in the up-sector, the VEVs exhibit a clearly
hierarchical pattern, w2 < w4 < w6 while in the down-type VEVs we encounter a not so definite
pattern, with w3 < w5 < w1. This is a direct consequence of the relations given in Eq. (3.44).
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Figure 3.5: Diagonal lattice moduli, T1 (left) and T5 (right), as a function of ε5. For the case of
T1, we plot it for several values of tanβ =3, 5, 10 and 20 (following the line and colour scheme
































































Figure 3.6: Down- and up-type Higgs VEVs, w1,3,5 and w2,4,6, as a function of ε5, for tanβ =5.
For convenience, we plot w6/10. As before, vertical dotted lines isolate the ranges of ε5 associ-
ated with each set A-D.
Finally, let us summarise our analysis of the orbifold parameter space by commenting on the
relative number of input parameters and number of observables fitted. Working with the six




, one can obtain the correct
electroweak symmetry breaking (MZ), as well as the correct quark masses and mixings (six
masses and three mixing angles).
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3.5.2 Tree-level FCNCs in neutral mesons
The present orbifold model does not include a specific prediction regarding the Higgs sector.
For instance, we have no hint regarding the value of the several bilinear terms, nor towards their
origin. Concerning the soft breaking terms, the situation is identical. Since the FI D-term,
which could have broken SUSY at the string scale, was cancelled, one must call upon some
other mechanism to ensure that supersymmetry is indeed broken in the low-energy theory. In
the absence of further information, we merely assume that the structure of the soft breaking
terms is as in Eq. (2.20), taking the Higgs soft breaking masses and the Bµ-terms as free
parameters (provided that the electroweak symmetry breaking and minimisation conditions are
verified).
Before proceeding, it is important to stress that the Higgs spectrum (i.e. the scalar and
pseudoscalar physical masses) cannot be a direct input when investigating the occurrence of
FCNCs. In some previous studies of FCNCs in multi-Higgs doublets models (see for example [49])
the bounds were derived for the diagonal entries in the scalar and pseudoscalar mass matrices.
However, this approach neglects mixings between the several fields Ri, Ii, and excludes the
exchange of some scalar and pseudoscalar states.
Although it is possible to begin the analysis from the original basis (where all neutral Higgses
develop VEVs), we prefer to define the Higgs parameters on the Higgs-basis, relying on the
minima conditions (and associated inequalities) to ensure that we are on the presence of true
minima. Therefore, the parameters that must be specified are:
tanβ , m2ij , bij , (3.56)
entering in Eqs. (2.22 and 2.23). In the absence of orbifold predictions for the Higgs sector
parameters, and motivated by an argument of simplicity, we begin our analysis by considering
textures for the above parameters as simple as possible.




 ⊗ ⊗ ⊗⊗ x3 y
⊗ y x5
×1TeV , m(u)kl =
 ⊗ ⊗ ⊗⊗ x4 y
⊗ y x6
×1TeV , √bij = b×1TeV . (3.57)
In the above, md(u) should be understood as the i, j = 1, 3, 5 (k, l = 2, 4, 6) submatrices of the
6×6 matrix that encodes the rotated soft-breaking Higgs masses in the Higgs basis (see [52]). The
symbol ⊗ denotes an entry which is fixed by the minima equations of Eq. (2.22 and 2.23). This
parametrisation allows to easily define the Higgs sector via six dimensionless parameters. We
begin by taking a near-universality limit for the Higgs-sector textures introduced in Eq. (3.57).










































Figure 3.7: ∆mK/(∆mK)exp as a function of ε5 for set B and tanβ = 5. The Higgs parameters
correspond to textures (a)-(d).
Regarding the value of tanβ, and if not otherwise stated, we shall take tanβ = 5 in the subse-
quent analysis. We first consider the following four cases, presenting the associated scalar and
pseudoscalar Higgs spectra:
(a) x3 = x4 = 0.5 , x5 = x6 = 0.75 , y = 0.1 , b = 0.1
ms = {82.5, 190.6, 493.9, 515.9, 744.4, 760.2} GeV ;
mp = {186.8, 493.9, 515.9, 744.4, 760.2} GeV .
(b) x3 = x4 = 0.4 , x5 = x6 = 0.8, y = 0.15 , b = 0.2
ms = {84.6, 213.9, 387.4, 560.8, 785.9, 879.1} GeV ;
mp = {215.2, 387.3, 560.5, 785.9, 878.9} GeV .
(c) x3 = x4 = 0.75 , x5 = x6 = 1, y = 0.25 , b = 0.2
ms = {83.6, 292.9, 733.6, 785.9, 987.6, 1057.0} GeV ;
mp = {291.1, 733.6, 785.9, 987.6, 1057.0} GeV .
(d) x3 = x4 = 0.3 , x5 = x6 = 0.8, y = 0.1 , b = 0.1
ms = {79.4, 121.5, 296.9, 354.3, 794.6, 808.8} GeV ;
mp = {114.8, 296.9, 353.7, 794.6, 808.8} GeV .



























Figure 3.8: ∆mK/(∆mK)exp as a function of tanβ for set B. The Higgs parameters correspond
to texture (c).
In Fig. 3.7 we plot the ratio ∆mK/(∆mK)exp versus ε5, for cases (a)-(d). We considered
tanβ = 5 and, since the other sets of input quark masses were in general associated to smaller
FCNC effects, we take the quarks masses as in “set B” (Table 3.1). Once again, all the points
displayed comply with the bounds from the CKM matrix. From Fig. 3.7 it is clear that it is
quite easy for the orbifold model to accommodate the current experimental values for ∆mK .
Even though the model presents the possibility of important tree-level contributions to the kaon
mass difference, all the textures considered give rise to contributions very close to the exper-
imental value. Although (a) and (b) are not in agreement with the measured value of ∆mK ,
their contribution is within order of magnitude of (∆mK)exp. As seen from Fig. 3.7, with a
considerably light Higgs spectrum (i.e. mh0i < 1 TeV), one is safely below the experimental
bound, as exhibited by cases (c) and (d). This is not entirely unexpected given the strongly
hierarchical structure of the Yukawa couplings (notice from Eq. (3.43) that Y d21 is suppressed by
ε25).
One important aspect clearly manifest in Fig. 3.7, and which has been overlooked in some
previous analyses, is that the Higgs mixings can be as relevant as the Higgs eigenvalues in
determining the contributions to ∆mK . This is patent in the comparison of curves (c) and (d).
From a na¨ıve inspection of the Higgs spectra associated to each case, one would expect that (c)
would induce a much stronger suppression to the model’s contribution to ∆mK . Nevertheless,
case (d), with a spectrum quite similar to case (b), and indeed much lighter than that of (d),
but with much smaller mixings, is the one associated with the strongest suppression of ∆mK . It
is also important to comment on the effect of changing tanβ regarding the contributions to the






























Figure 3.9: ∆mBd/(∆mBd)exp as a function of ε5 for set B and tanβ = 5. The Higgs parameters
correspond to textures (a)-(d).
kaon mass difference. For the specific case of texture (c), let us investigate the effect of varying
tanβ. We take the quark masses as in set B, and while keeping the Higgs parameters fixed,
tanβ is taken in the range 3 . tanβ . 9.5. As it becomes clear from Fig. 3.8, larger values of
tanβ produce increasingly larger contributions to ∆mK . This is a direct consequence of the fact
that, due to larger off-diagonal terms in the Higgs mass matrices, the mixing is larger, and the
corresponding eigenstates become lighter. Even though the masses of the heaviest states remain
stable, the intermediate states become lighter, and the FCNC contributions are less suppressed.
Close to tanβ=10, it is no longer possible to find physical minima of the Higgs potential, and
tachyonic states emerge. This effect has been already pointed out in the general analysis of [52].
Bd and Bs meson mass difference
For the several parameterisations of the Higgs sector used for the analysis of ∆mK , we display
in Fig. 3.9 the contributions of Higgs textures (a)-(d) to the Bd mass difference. As one would
expect, given the structure of the mass matrices (and thus the Yukawa couplings), the present
model generates very small contributions to ∆mBd . All the textures analysed, even those asso-
ciated with excessive contributions to ∆mK are in good agreement with the experimental data
on the Bd mass difference. Notice that the behaviour of the textures is now quite distinct: as
an example, texture (b), which generated the second largest contribution to the ∆mK is now
the one associated with the strongest suppression. This stems from the fact that the leading






























Figure 3.10: ∆mBs/(∆mBs)exp as a function of ε5 for set B and tanβ = 5. The Higgs parameters
correspond to textures (a)-(d).
contributions are now given by distinct Higgses, whose couplings to the quarks need not be
identical.
Likewise, in Fig. 3.10 we plot the contributions to the Bs mass difference. In this case
experiment only provides a lower bound, so that any ratio larger than 1 is in agreement with
current data. As we would expect from the discussion of Section 2.4, this model’s contributions
to ∆mBs are well above the current limit.
D0 − D¯0 mass difference
The cases (a)-(d) considered in the previous subsections generate contributions to ∆mD that
exceed the experimental bounds by at least a factor 10. As discussed in Section 2.4, this is not
surprising, nor excessively worrying. Nevertheless, and for the sake of completing the analysis,
let us consider four additional Higgs patterns, in order to derive a bound on the mass of the
heaviest Higgs boson that would render the model compatible with the data from the D0 sector.
The new Higgs textures are defined as follows:
(e) x3 = x4 = 0.75 , x5 = 2.5 , x6 = 7.5 , y = 0.5 , b = 0.5
ms = {84.2, 672.7, 704.9, 1414, 2573, 7501} GeV ;
mp = {673.1, 704.9, 1414, 2573, 7501} GeV .




































Figure 3.11: ∆mD/(∆mD)exp as a function of ε5 for set B and tanβ = 5. The Higgs parameters
correspond to textures (e)-(h).
(f) x3 = x4 = 0.5 , x5 = 5 , x6 = 7.5 , y = 0.5 , b = 0.1
ms = {82.7, 201.4, 492.4, 516.4, 5000, 7500} GeV ;
mp = {197.9, 492.4, 516.4, 5000, 7500} GeV .
(g) x3 = x4 = 1 , x5 = x6 = 7.5 , y = 0.5 , b = 0.5
ms = {82.3, 378.5, 958.9, 1578, 7483, 7518} GeV ;
mp = {379.2, 958.9, 1578, 7484, 7518} GeV .
(h) x3 = x4 = 3 , x5 = x6 = 7 , y = 1 , b = 0.5
ms = {84.1, 1032, 2964, 3059, 6984, 7022} GeV ;
mp = {1031, 2964, 3059, 6984, 7022} GeV .
For the cases (e) to (h) we present in Fig. 3.11 the contributions to ∆mD. Compatibility with
experiment can be obtained for any of the sets (e), (g) or (h), thus suggesting that one of the
Higgses (a state mostly dominated by an up-type Higgs field) must be at least of around 7.5 TeV.
Notice that no major hierarchy is required from the Higgs spectrum - case (e) is an excellent
example of the latter statement, in the sense that one obtains states softly ranging from 600
to 7500 GeV. One may wonder if such a choice of Higgs soft-breaking terms may lead to a
fine-tuning problem. In [52], it was pointed out that for non-degenerate VEVs, soft-breaking
terms above the few TeV range typically induced a fine tuning stronger than 1%. Nevertheless,




















 0.013  0.014  0.015  0.016  0.017
ε K
 





(c) : φc = 4.0 x 10-4
(d) : φd = 2.5 x 10-4
(e) : φe = 2.5 x 10-3
Figure 3.12: εK/(εK)exp as a function of |ε5| for set B and tanβ = 5. The Higgs parameters
correspond to textures (c)-(e).
we again stress that these values for the Higgs masses (as derived from the D0 mass difference
analysis) should not be interpreted from a very strict point of view.
3.5.3 Tree-level CP violation: εK
Finally, we turn our attention to the issue of CP violation. So far, we have seen that accommo-
dating the several ∆F = 2 observables is not an excessively hard task (especially if we choose to
set aside the D0 sector). Nevertheless, a successful model of particle physics must also comply
with the observed CP violation in the kaon sector. As we mentioned in Section 2.4, we will only
consider the specific contribution of the present model to indirect CP violation in the kaon sector
(εK). Therefore, we now assume ε5 (and thus αf ) to be a complex quantity, and parameterise
it as ε5 = |ε5| eiφ.
In Fig. 3.12 we present the tree-level contributions to εK (normalised by its experimental
value) as a function of |ε5|. We take the input quark masses as in set B, fix tanβ = 5, and
analyse the Higgs textures associated with cases (c), (d) and (e). For each texture, the phase
is assumed to be φc = 4.0 × 10−4, φd = 2.5 × 10−4 and φe = 2.5 × 10−3. These phases are
taken as illustrative examples; we choose values that for a specific set of input quark masses
(set B, in this case) and a given Higgs texture (c)-(e) simultaneously succeed in generating an
amount of εK close to the value experimentally measured (range delimited by dotted grey lines in
Fig. 3.12), and still have a compatible CKM. One should bare in mind that once arg ε5 (and thus
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argαf ) is no longer a small number, it will significantly affect the computation of the Yukawa
couplings, and thus the CKM matrix. We have considered one texture that accommodates all
FCNC observables, namely texture (e), which already has a somewhat heavy Higgs spectrum.
In this case, the phase required to saturate (εK)exp is O(10−3). Since we do not wish to view
the D0 sector as a very stringent constraint, we also consider two other Higgs patterns, (c) and
(d), which only succeed in complying with both kaon and B-meson data. In these cases, the
phases necessary to obtain (εK)exp are now O(10−4), as one would expect, since a lighter set of
Higgs bosons typically enhances the contributions.
In the range of parameters analysed in this plot, the amount of CP violation stemming from
the CKM matrix is JCP ∼ O(10−8 − 10−6), i.e. at least one order of magnitude below the
SM value that is associated with the observed εK [82]. The possibility of obtaining an orbifold
configuration that saturates the observed value of εK and at the same time allows to reproduce
the JCP required by the unitarity triangle fits should not be discarded. It is clear that the
phase of ε5 must be quite large, and such values would push us to distinct areas of the orbifold
parameter space. It is worth emphasising that there are still other sources of CP violation
in addition to the one we have studied in this section. As mentioned in footnote 2, a more
complicated choice of the VEVs ci could lead to physical phases in the quark masses matrices,
which would in turn contribute to the physical CKM phase.
3.6 Conclusions
In this chapter we have investigated whether it is possible to find abelian Z3 orbifold configura-
tions associated with an experimentally viable low-energy scenario.
Orbifolds provide a beautiful geometric mechanism for the generation of the fermion mass
hierarchy. The Yukawa couplings are explicitly calculable, and thus a solution to the elusive
flavour problem of the SM and MSSM can be explored. We have concentrated here in Z3 orbifold
compactifications with two Wilson lines, which naturally include three families for fermions and
Higgses. The fact that additional Yukawas are present opens the possibility of obtaining realistic
fermion masses and mixings, entirely at the renormalisable level.
Our analysis here has been a phenomenological “bottom-up” one [66]. That is the particles
were assigned to fixed points in a way that can reproduce the experimental data. In addition
the scheme relies on the mixing between fields due to the FI breaking. We have not completed a
full analysis of minimising the potential along D- and F - flat directions after the breaking, but
we have made use of the very general features that such a minimization should have, namely
mixing of the would-be MSSM fields with other singlet, doublet and triplet fields that couple to
heavy fields [24, 25]. Under these assumptions, we have successfully reproduced the observed
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pattern of quark masses and mixings. Let us remark, however, that this severely constrains the
orbifold parameters.
On the other hand, having six Higgs doublets (and thus six quark Yukawa couplings) poses
the potential problem of having tree-level FCNCs. By assuming simple textures for the Higgs free
parameters, we have verified that the experimental data on the neutral kaon mass difference,
as well as on ∆mBd and ∆mBs can be easily accommodated for a quite light Higgs spectra,
namely mh0i . 1 TeV. The data from the D
0 sector proves to be a more difficult challenge,
requiring a Higgs spectrum of at least 7 TeV, but we again stress that, in view of the theoretical
and experimental uncertainties associated with the D0 sector, this constraint should not be
over-emphasised.
CP violation can be also embedded into the low-energy theory. Although CP is a gauge
symmetry of the full theory, it can be spontaneously broken at the string scale, if the VEVs
of the moduli have a non-vanishing phase. We have parameterised these effects by assuming
the presence of a phase in ε5, and we have verified that one can also obtain a value for εK in
agreement with current experimental data.
Z3 orbifold compactifications with two Wilson lines are equally predictive regarding the




Lepton masses and mixings in Z3
scenarios with three Higgs families
4.1 Introduction
In Chapter 3 we addressed the phenomenology of the Higgs and quark sectors of Z3 models with
two Wilson lines. We have verified that quark masses and mixings can be reproduced, and that
dangerous tree-level FCNC contributions in the neutral K-, B- and D-sectors can be avoided
by a fairly light Higgs spectrum. It is worth recalling that, after fitting the quark data, the free
parameters defining the orbifold geometry are already very constrained.
In this chapter we complete our previous analyses, by investigating whether or not the Z3
orbifolds can also succeed in accommodating present data [82] on charged lepton masses, while
avoiding conflict with the most relevant lepton flavour violating processes at the tree-level, such
as three-body decays.
With the whole orbifold parameter space completely constrained by the obtention of quark
and lepton masses, we will comment on the implications of the phenomenologically derived
constraints in the properties of the compact space and its effect on the value of the heterotic
gauge coupling constant.
In addition, we will study the viability of orbifold scenarios to comply with experimental
data on neutrino mass squared differences and mixing angles [87–89, 129]. The analysis of the
latter turns out to be particularly challenging. Let us note that the experimental observation of
neutrino oscillations has led to extend the SM in order to accommodate non-vanishing neutrino
masses. In the absence of a predictive theory for the Yukawa couplings, it is only common to
argue that purely Dirac neutrinos pose a naturalness problem, in the sense that the associated
couplings are extremely tiny. Moreover, and contrary to what is observed in the quark sector,
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the leptonic mixing, parameterised by the Maki-Nagakawa-Sakata matrix, UMNS [130, 131], is
nearly maximal. As we will see, Z3 orbifolds offer a variety of possibilities to account for the
generation of neutrino masses and mixings, ranging from a purely Dirac formulation, to several
implementations of a type-I seesaw mechanism [132]. Here we will argue on the viability of each
possibility.
4.2 Charged leptons
As mentioned in the Introduction, the previous analysis [53] of the orbifold parameter space has
already severely constrained the free parameters of the orbifold. As discussed, we have verified
that one could successfully reproduce the observed hierarchy and mixings in the quark sector,
and avoid potentially dangerous tree-level FCNCs with a fairly light Higgs boson spectrum.
In what follows, we extend our analysis to the lepton sector. In this section we address how
reproducing the charged lepton masses further constrains the orbifold parameters, and also
discuss possible tree-level lepton flavour violation, arising from the exchange of neutral Higgses.
4.2.1 Charged lepton masses
We start by considering the mass matrix for the charged leptons, which after FI breaking is
given by1





























have been defined in Eqs. (3.16, 3.34-3.36), setting f = L, ec. The
next step in the analysis is to determine whether one can find regions of the parameter space
where the charged lepton masses can be obtained. We recall that most of the variables appearing
in Eq. (4.1), namely g, N , ε5 and the Higgs VEVs wi are also related to the quark sector of the
model, and are thus already tightly constrained [53]. We consider the quark input sets studied
in Ref. [53], used to fix the six Higgs VEVs, and which correctly reproduce the correct mass
1Note that the expression for the matrix Me in Eq. (4.1) corrects the misprint in Ref. [66], Eq. (69), where
the matrix product was taken in the order ABB. A similar correction for neutrino masses will be subsequently
taken into account in Eqs. (4.19) and (4.29).
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spectrum for both the up- and down-quarks {mu, md, mc, ms, mt, mb}:
SET A = {0.0040, 0.008, 1.35, 0.130, 180, 4.40} GeV, (4.2)
SET B = {0.0035, 0.008, 1.25, 0.100, 178, 4.50} GeV, (4.3)
SET C = {0.0035, 0.004, 1.15, 0.080, 176, 4.10} GeV, (4.4)
SET D = {0.0040, 0.006, 1.20, 0.105, 178, 4.25} GeV, (4.5)




intervals compatible with realistic quark masses and mixings,
0.0085 ≤ ε5 ≤ 0.0260 , 0.040 ≤ αuc ≤ 0.370 , 0.190 ≤ αdc ≤ 0.842 , (4.6)
The value of tanβ, which is also crucial, is tightly related to ε1 [53]. From the previous
values, and employing Eqs. (3.44), (2.17) and (2.18), we can also derive the value of gN , which


























Thus, once the several orbifold parameters are determined, one can derive information on the
intrinsic orbifold properties, such as the value of the orbifold normalisation constant N , or
the heterotic coupling constant g. The numerical analysis of this subsection is instrumental in
obtaining the latter information.
Having set the quark parameters and choosing tanβ = 5 as an example, we proceed to
determine ε3, αL, and αe
c
. These values will in turn allow to derive the mass matrix for the
charged leptons. In agreement with experimental data [82], the latter eigenvalues should be
{me, mµ, mτ} = {0.511, 105.41, 1778.45} MeV. (4.8)




giving rise to the correct masses
for both the quark and the charged-lepton sectors. The scan over ε5 has been conducted for the
four quark sets in Eqs. (4.2 -4.5). We can see that the behaviour of αL,e
c
is completely analogous
to what had been observed for the quark sector [53], which is not unexpected, given that the
Yukawa couplings for the charged leptons closely follow those of the down-type quarks.
Let us comment on the suppression factor ε3. As seen from Eq. (4.1), ε3 is a global factor in
the charged-lepton mass matrix. This allows its value to be modified without affecting the mass
eigenstates, provided that tanβ (i.e. the ratio of the Higgs VEVs) is accordingly changed. In
other words, tanβ is still an unconstrained degree of freedom, a fact that is particularly useful
for the analysis involving the Higgs sector (as discussed in [52]). In Figure 4.3 we display the
relation between ε3 and ε5 for four different values of tanβ. It is worth mentioning here that,





































































Figure 4.1: Correlation between the orbifold parameters (αL
c
, ε5) and (αe
c
, ε5), for tanβ = 5
and the distinct sets of input quark masses, A-D (red full lines, red dashed lines, full black and


























and ε5, for the quark sets A-D
and tanβ = 5.
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Figure 4.3: Correlation between ε3 and ε5 for different values of tanβ.
given a particular quark input set, the value of tanβ is bounded from above in order to avoid
ε3 > 1. For example, for set A this bound is close to tanβ = 20. In fact, and as already noticed
in the study of the quark sector, the phenomenological viability of these orbifold constructions
favours lower values of tanβ (not only based on reproducing a viable spectrum, but also related
with avoiding excessive FCNCs).
Not only can the quantities εi be understood as suppression factors which affect the Yukawa
couplings (providing the desired mass hierarchy between fermions), but they are also subject to
perturbativity constraints. Concerning the latter, for example ε3 is actually given by [66]
ε3 = 3 e−
2pi
3
T3(1 + 6 e−2pi T1 + 6 e−2pi T5 + ...) ≈ 3 e− 2pi3 T3 , (4.9)
where the last approximation corresponds to the assumption of Eq. (3.12). Clearly, if εi are in
general large, Ti have to be small, and therefore perturbativity is spoiled. Under the approxi-
mation of Eq. (3.12), one can write




and, as a consequence, we verify that εi cannot be larger than 3, since the Ti VEVs are pro-
portional to R2i , and therefore positive. From the analysis of the orbifold parameters, one can
obtain useful information about the high-energy configuration of the string model, namely the
size and properties of the compact space, as well as its relation with the gauge unification scale.
The allowed regimes for the three Ti and their physical implications will be studied in detail in
Section 4.3.
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4.2.2 Tree-level lepton flavour violation
Identical to what occurs for the quark sector, having a model with Higgs family replication opens
the possibility of tree-level FCNCs in the lepton sector, contrary to what occurs in the SM or in
the MSSM. Given the fact that flavour-violating interactions are very suppressed in Nature, one
should ensure that the present model does not induce excessively large contributions to these
processes. In a general multi-Higgs model, it is widely recognised that the most stringent bounds
arise from the smallness of the masses of the long- and short-lived neutral kaons. It has been
previously verified [53] that for a relatively light Higgs boson spectrum of order ∼ 1−5 TeV, the
present orbifold model is in very good agreement with experimental data. The analysis was also
extended to the B- and D-meson systems, leading to similar bounds for the Higgs masses. With
the inclusion of the charged lepton sector in our analysis, it is only natural to expect dangerous
lepton flavour-violating interactions. Regarding these interactions, here we have focused on the
branching ratios (BRs) of pure leptonic decays of the type li → 3lj , which have been identified
in the literature as the less suppressed processes [46, 47]. In the context of the present orbifold
model, these decays are going to be generated by Yukawa interactions mediated by neutral Higgs
bosons2. As shown in recent studies of LFV in SUSY models with one Higgs family [133–135],
the one-loop contributions to flavour violating processes can be extremely large for sizable values
of tanβ and a Higgs mass of order 100 -150 GeV. In our case, and as will be shortly confirmed,
the requirement that the Higgs bosons are heavy enough to suppress the dangerous quark FCNC
interactions indeed ensures that the leptonic processes remain several orders of magnitude below
the respective experimental bounds.
In order to study the occurrence of tree-level LFV in the charged-lepton sector we consider
the branching ratios of three-body decays, li → 3lj , mediated by a neutral physical Higgs
eigenstate (ϕk). The transition amplitudes and BRs of these processes are then given by









where ml is the lepton mass, mϕk the mass of the mediating scalar/pseudoscalar neutral Higgs,
and Ykij is the i, j element of the Yukawa coupling matrix, in the physical mass-eigenstate basis,
defined as
Ykij = (S†)kl (V eR Y el V e†L )ij . (4.12)
In the above, the Higgs physical states are related to the original interaction eigenstates by
ϕk = Skl h0l , where h
0
l are the neutral components of the Higgs doublets (see Eq. (2.1)). V
e
R and
V e†L are the matrices which diagonalise the charged-lepton mass matrix, and Y
e
l (with l = 1, 2, 3)
2We stress here that there are no tree-level contributions to other LFV processes, like radiative decays of the
type li → ljγ, which only occur at one-loop level.
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are the three charged-lepton Yukawa matrices associated to the down-type Higgses, as shown
in Eq. (2.2). Using the above expressions, we can now compute the contributions of the full
Higgs spectrum (six scalars and five pseudoscalars) to the LFV decays. To do so, we choose
three distinct Higgs mass textures, already considered in a previous study [53]. Working in
the Higgs basis (see Chapter 2, Section 2.2) these can be summarily defined via the following




 ⊗ ⊗ ⊗⊗ x3 y
⊗ y x5
× 1TeV , m(u)kl =
 ⊗ ⊗ ⊗⊗ x4 y
⊗ y x6
× 1TeV , √bij = b× 1TeV .
(4.13)
In the above, md(u)ij should be understood as the i, j = 1, 3, 5 (k, l = 2, 4, 6) submatrices of the
6 × 6 matrix that encodes the rotated soft-breaking Higgs masses in the Higgs basis (see [52]).
The symbol ⊗ denotes an entry which is fixed by the minima conditions of Eqs. (2.22, 2.23). For




compatible with realistic masses for the charged leptons (as analysed in Section 4.2).
Other sets for the quark masses will lead to similar results. For simplicity, we will take a near-
universality limit for the Higgs-sector textures introduced in Eq. (4.13). Regarding the value
of tanβ, and unless otherwise stated, we shall take tanβ = 5 in the subsequent analysis. We
consider the following cases, with the associated tree-level scalar and pseudoscalar Higgs spectra:
(1) x3 = x4 = 0.5 , x5 = x6 = 0.75 , y = 0.1 , b = 0.1
ms = {82.5, 190.6, 493.9, 515.9, 744.4, 760.2} GeV ;
mp = {186.8, 493.9, 515.9, 744.4, 760.2} GeV .
(2) x3 = x4 = 0.75 , x5 = x6 = 1, y = 0.25 , b = 0.2
ms = {83.6, 292.9, 733.6, 785.9, 987.6, 1057.0} GeV ;
mp = {291.1, 733.6, 785.9, 987.6, 1057.0} GeV .
(3) x3 = x4 = 0.5 , x5 = 5 , x6 = 7.5, y = 0.5 , b = 0.1
ms = {82.7, 201.4, 492.4, 516.4, 5000, 7500} GeV ;
mp = {197.9, 492.4, 516.4, 5000, 7500} GeV .
In the above, ms and mp respectively denote the values for the physical scalar and pseudoscalar
masses. The results for the decays µ→ 3e, τ → 3µ and τ → 3e are summarised in Figs. 4.4, 4.5
and 4.6. From the latter, we immediately observe that the Higgs-mediated contributions to the
li → 3lj branching ratios always lie several orders of magnitude below the experimental limits
(collected in Table 4.1). This occurs even for Texture (1), associated with a spectrum containing
only light (below 1 TeV) Higgs particles.
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LFV process Present bound Future sensitivity
BR(µ→ 3 e) 1.0× 10−12 10−13
BR(τ → 3 e) 2.0× 10−7 10−8
BR(τ → 3µ) 1.9× 10−7 10−8
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Figure 4.4: BRs for the Higgs-mediated µ→ 3e decay as a function of ε5, for quark set A and
Textures (1-3).
Regarding other relevant LFV processes, as for example leptonic conversion processes in heavy
nuclei, which could in principle also receive important tree-level contributions, we have not
discussed them here, as these conversion processes are always assumed to be of the same order
or even sub-dominant with respect to the leptonic decays (see, for example, [46], [47] or [139]).
The extremely low contribution to the purely leptonic decays previously studied (between 5-10
orders of magnitude below the present experimental bounds) renders the impact of these LFV
processes clearly negligible, when compared to the flavour-changing processes occurring in the
quark sector.
4.3 Orbifold analysis at the string scale
With the full determination of the quark and charged-lepton sectors we are now ready to ad-
dress the implications of imposing phenomenological viability at the string level. As previously
discussed, the characterisation of the orbifold model is tightly related to the determination of
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Figure 4.6: BRs for the Higgs-mediated τ → 3e decay as a function of ε5, for quark set A and
Textures (1-3).
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the geometrical suppression factors, εi, which in turn are instrumental in complying with the
different fermion mass hierarchies. As we will discuss in Section 4.4, εi will further affect the
neutrino Yukawa couplings, with an important impact on the seesaw scale. At this point, it
is also relevant to mention that we will not take into account the effect of the renormalisation
group equations (RGE) on the quark and lepton mass matrices presented in the previous sec-
tions. The flavour structure for the masses is associated with a mechanism taking place at a very
high energy scale. However, and given the clearly hierarchical structure of the mass matrices,
one does not expect that RGE running will significantly affect the predictions of the model.
In this section, we briefly comment on the information about the shape and size of the
compact space, and also discuss the hints on the gauge properties of the string model, which
can be inferred from the already constrained values of εi.
Let us firstly consider the value of the product of the heterotic coupling constant, g, by the























From Eq. (4.7), taking only the dominant terms into account, we can verify that the assumption
of g N ≈ 1 [66] is indeed valid for values of ε5, αuc ¿ 1 and tanβ ≥ 3, since
g N ≈ ε5
αuc auc






(1− αuc)1/2 ≈ 1 , (4.17)
where we have used the relation between the orbifold parameters given by Eq. (3.39). In
Fig. 3.5 we display (as presented in Ref. [53]) the diagonal moduli T1 and T5 for different values
of tanβ. In Figure 4.8 we show the correlation between those values of the moduli T3 compatible
with correct charged-lepton masses and ε5, for different values of tanβ. From all plots we are
led to verify that Ti ∼ 1, implying that the sizes of the radii in each orbifold sublattice are
comparable and of order
Ri ≈ 4pi31/4 ≈ 10 . (4.18)
As it was previously shown in Section 4.2.1, Eq. (4.10), the upper bound for the suppression
factors εi is 3, above which the moduli are no longer a positive quantity. In the case of T1 and
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Figure 4.7: Diagonal lattice moduli, T1 (left) and T5 (right), as a function of ε5 [53]. For the
case of T1, we consider several values of tanβ =3, 5, 10 and 20. For T5 the dotted line denotes
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Figure 4.8: T3-moduli dependence on ε5, for tanβ = 3, 5, 10, 20.
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Figure 4.9: Orbifold normalisation constant N for tanβ = 3, 5, 10, 20 as a function of ε5 (left),
and corresponding values of the heterotic gauge coupling constant g (right).
T3, the values are always fixed by the choice of a given tanβ, as we can see in the previous plots.
This in turn implies the existence of an upper limit for tanβ, above which the moduli become
zero. In general, this occurs for values of tanβ between 30 and 40, depending on the choice of
the remaining orbifold parameters.
In the first analysis of Ref. [53], the constraints on the orbifold parameters derived from the
quark sector had already allow to hint towards a range for the product gN , 1.03 . g N . 1.16.
The inclusion of the bounds arising from considering the lepton sector finally allows to refine
the knowledge of these orbifold parameters. On the left hand-side of Fig. 4.9 we show the value
of the orbifold normalisation constant N for different values of tanβ as a function of ε5. From
this plot, using Eq. (4.17), we can derive the value of the heterotic gauge coupling constant g.
The result is presented on the right hand-side of Fig. 4.9. As we observe, for the chosen regimes
of tanβ, the value of g varies between ≈ (0.2− 1.2). It is worth noticing here that a value of g
of order 1, which is compatible with the above result, was obtained in the orbifold models with
three Higgs families analysed in [64], in order to solve the discrepancy between the unification
scale predicted by the heterotic superstring (≈ g 5.27× 1017 GeV) and the value deduced from
LEP experiments (≈ 2× 1016 GeV).
4.4 Neutrinos
As seen from the previous sections, after having imposed the requirements of viable quark masses
and mixings, as well as the correct charged lepton masses, many of the orbifold parameters have
already been constrained. The question that remains to be answered is whether or not the
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present neutrino data can be reproduced. In the following subsections, we will discuss how
the orbifold model allows us to deal with the problem of neutrino masses, providing several
mechanisms that can potentially account for an experimentally viable mass spectrum and MNS
matrix, including in some of the cases the generation of an effective seesaw mechanism.
4.4.1 Dirac neutrino masses without seesaw
In the present orbifold model, the simplest way of obtaining massive neutrinos is to assume that
the latter are Dirac particles, and introduce a Yukawa term, coupling left- and right-handed
neutrinos to the up-type Higgs fields. Accordingly, the Dirac mass matrix for the neutral leptons
is given by:





























are defined in Eqs. (3.16) and (3.34 - 3.36). As shown in [66], unless
some fine-tuning is introduced in the model the use of these terms without the addition of
Majorana couplings gives rise to excessively heavy neutrinos. This can be easily understood
by noticing that all the parameters involved in Eq. (4.19) are completely determined from the



















∼ 10−7 . (4.21)
Regarding the three parameters appearing in the previous equation, ε1 is defined by the chosen
value of tanβ (see [53]). For tanβ between 3 and 20, values of ε1 compatible with realistic quark
masses lie in the range ε1 ≈ 0.2−2. The factor aec has been determined from the charged-lepton
sector, ae
c ≈ 0.1. Thus the remaining free parameter in Eq. (4.21) is aνc , which depends on ανc









Suppression of the light neutrino masses requires values of αν
c
very close to 1, forcing aν
c
to be
very small. In turn, this would imply that there are additional fields entering the FI breaking,






2√ |cˆνc1 |2 + |cˆνc2 |2 ≈ 10−7− 10−6 . (4.23)
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To clarify the latter statement, and as an example, let us consider the case in which the factors
ε′(νc) and ε′′(νc), defined in Eq. (3.37), are taken to be ε′(νc) = 1 and ε′′(νc) = ε1ε3 ≈ 0.01. In







≈ 10−5− 10−4 . (4.24)
In order to fulfil the above condition, we are compelled to modify the original hypothesis of
assuming the VEVs cfi to be of the order of the FI breaking scale, i.e. 10
16 -17 GeV. One




2 is to invoke the existence of





2 ξ1 ξ2 ≈ 10−4 × Cν
c
2 ξ1 ξ2 , (4.25)
where ξ1, ξ2 denote two extra-matter fields which should later mix with the νc field, as explained
in Section 3.4. Although this possibility may solve the discrepancy between the FI-breaking scale
and the one needed to comply with realistic neutrinos, the introduction of non-renormalisable
couplings sets an undesired arbitrariness in the mass scales used to generate the fermion masses.
In this sense, it seems preferable to find another way to generate neutrino masses without the
addition of higher-order operators.
Another possible solution to this problem could lie in the assumption of a more involved
mixing of the fields participating in the FI breaking, as will be presented in Section 4.4.3. Nev-
ertheless, a more straightforward and simple possibility consists of assuming that the neutrinos
are Majorana particles. In this case, one allows the presence of Majorana terms in the superpo-
tential, leading to a type-I seesaw mechanism. There are several possible ways of implementing
a seesaw mechanism in the context of these orbifold models, and we pursue this topic in the
following subsections.
4.4.2 Neutrino masses via a type-I seesaw
As first proposed in [66], the introduction of a seesaw mechanism can be easily achieved by
considering a Majorana term in the superpotential, arising from the coupling of three extra
scalars (of the low-energy spectrum) as follows:
W ν ∼ Hu Lνc + S νc νc , (4.26)
where S are singlets assigned to the following fixed-point components in the first two sublattices:
S × × (4.27)
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Under this assumption, when the singlets develop a VEV, a Majorana mass for the right-handed
neutrinos is generated. In the seesaw limit, where the latter VEVs are much heavier than the
electroweak scale, the effective mass matrix for the light neutrinos is then
meffν ≈ Mν (Mν
c
)−1MνT , (4.28)
where Mν is given in Eq. (4.19) and Mνc arises from the coupling S νcνc, and is thus defined
as
Mνc = g Na νc aνc Bνc AsBνc (4.29)
with
As =
 s1 s3ε5 s2ε5s3ε5 s2 s1ε5
s2ε5 s1ε5 s3
 , (4.30)
s1,2,3 being the singlet VEVs. Note that in Eq. (4.28) the mixing Bν
c
cancels, so that the only
free parameters in the mass matrix will be the VEVs si. It is also important to stress at this
point that the Majorana mass term in Eq. (4.28) is clearly non-diagonal, with a structure which
is determined from the orbifold (analogous to what occurs for all the Dirac mass terms).
The study of the parameter space generated by si (for different regimes of the other pa-
rameters) reveals that it is possible to generate light neutrino masses of the desired order of
magnitude, in good agreement with the experimentally measured mass squared differences be-








eV2, (4.31)∣∣∆m231∣∣ = 2.6± 0.2 (0.6)× 10−3 eV2 . (4.32)
To illustrate this mechanism, let us define the seesaw mass matrix as it would arise from the
following point in the orbifold parameter space, compatible with realistic quark (Set B, Eq. (4.3))
and charged-lepton masses,





= 0.295, αL = 0.129 . (4.33)
Setting tanβ = 5, the only remaining parameters in the model are the singlet VEVs s1, s2, s3.
The choice of the following values
{s1, s2, s3} = {2.45× 109, 8.89× 1012, 1.32× 1012} GeV , (4.34)
gives us a “normal hierarchy” light neutrino spectrum,
{mν1 , mν2 , mν3} = {5.39× 10−8, 9.13× 10−3, 5.65× 10−2} eV, (4.35)
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leading to mass squared differences in good agreement with the experimental range of Eqs. (4.31, 4.32).
Even though this implementation of a type-I seesaw mechanism can lead to a viable light neu-
trino spectrum, there are two drawbacks to this formulation. The first one comes from the high
scale required by the Majorana singlets (109−12 GeV). Again, a possible explanation of this high
scale is to assume the fields Si as effective non-renormalisable FI fields (analogous to the ones
suggested in Eq. (4.25)) or to allow a more complicated FI mixing which would translate into a
further suppression of the Yukawa couplings (see Section 4.4.3, below). The second shortcoming
stems from a failure in reproducing the observed mixing in the leptonic sector, as parameterised
by the the UMNS matrix
UMNS =
 c12c13 s12c13 ±s13−s12c23 ∓ s23s13c12 c12c23 ∓ s23s13s12 s23c13
s12s23 ∓ s13c23c12 −s123c12 ∓ s13c23c12 c23c13
 , (4.36)
where, for simplicity, we use the CP-conserving parametrisation. The mixing angles θ12, θ23,
θ13, are experimentally3 given by


















where the angles are expressed in degrees. With the choice of orbifold parameters used in the
previous example, Eq. (4.33), we find that in this case the mixing angles in the UMNS matrix are
{θ orbifold12 , θ orbifold23 , θ orbifold13 } = {48.4, 54.5, 17.9 } . (4.40)
As can be verified, the above values lie considerably above the ones allowed by the experimental
bounds. The associated UMNS would then be given by
UorbifoldMNS =
 0.998 0.045 0.0220.050 0.87 0.48
0.002 0.48 0.88
 . (4.41)
This matrix contains nearly the desired mixing for the second and third generations, but fails
in reproducing the mixing for the first generation of neutrinos. This behaviour is generic to the
surveyed orbifold parameter space, where we have systematically found that no more than two-
generation mixing can be satisfied. By varying the singlet VEVs other mixing possibilities can
be achieved, but one generation of neutrinos never has a viable mixing with the other two. This
appears to be a general feature of the present orbifold model, in the sense that it is extremely
3We employ the values given in [129].
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difficult to simultaneously accommodate the observed near-maximal mixing in the lepton sector
and the small one evidenced in the CKM matrix.
A second possibility of implementing a type-I seesaw, without the need of considering a
more intricate FI breaking, consists in assuming the existence of an intermediate scale. In
principle this scale is not predicted by the orbifold formulation, but it would nevertheless allow
to accommodate the experimental data in view of orbifold-derived neutrino Yukawa couplings.
In particular, in this case one is allowing for additional sources of unconstrained mixing in the
lepton sector, stemming from heavy Majorana neutrino interactions. Thus the effective light
neutrino mass matrix is obtained from the seesaw equation, and given by
mν = Mν (MR)−1MνT , (4.42)
UTMNSmν UMNS = m
diag
ν , (4.43)
where Mν is defined in Eq. (4.19) and MR is the Majorana mass matrix, whose values are
not determined by orbifold considerations. In general, UMNS, m
diag
ν are known and a very sim-
ple structure is adopted for MR (namely a diagonal matrix) in order to derive the unknown
Yukawa couplings. In the present approach, we do know the Yukawa couplings (from the orb-
ifold construction, which at this stage has become strongly constrained), and phenomenological
viability of the orbifold scenario indirectly suggests the structure of MR. Noticing that the
seesaw equation can be rewritten as
Mν UMNS (mdiagν )−1 UTMNSMνT = MR , (4.44)
we obtain MR as required to comply with data on neutrino masses and mixings. It is important
to notice that we are not working in a basis where the charged lepton Yukawa couplings are
diagonal, implying that the UMNS matrix is defined as
UMNS = V EL
†
Un , (4.45)
where V EL is the unitary matrix that rotates the left-handed charged lepton fields, so to di-
agonalise Me, while Un is the matrix that diagonalises the symmetric neutrino mass matrix,
mν .
In Fig. 4.10, we depict the eigenvalues of MR, as a function of ε5, for the input orbifold
parameter sets A, B, C and D. Leading to this figure we have assumed tanβ = 5, θ13 = 8◦, a
regime of αν
c ≈ ε5, and a normal hierarchy for the light neutrino spectrum, namely
mνi = {10−5, 0.0089, 0.0509} eV . (4.46)
As can be seen from Fig. 4.10, the orbifold structure would indeed suggest the existence of
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Figure 4.10: Eigenvalues of MR (in GeV) as a function of ε5, for the input parameter sets A,
B, C and D. We take tanβ = 5, θ13 = 8◦, and mνi = {10−5, 0.0089, 0.0509} eV.
heavy Majorana neutrinos, whose masses would lie in the 106 − 108 GeV and 1014 − 1016 GeV
ranges for the lightest and heaviest states, respectively. Naturally, the heavy spectrum strongly
reflects the input parameters, with the most important role being played by αν
c
, tanβ and the
hierarchy of the light neutrinos. Essentially tanβ translates in an overall factor, and having
normal/inverted hierarchy or quasi-degenerate light neutrinos mostly affects the mRi pattern.
On the other hand, the chosen αν
c
range can have a crucial impact: while values of αν
c ≈ ε5
(as used for Fig. 4.10) lead to mR1 masses in the 10
6 − 108 GeV range, larger values, close to
1, can even give rise to masses as small as O(TeV). The phenomenological implications of the
latter regime would be extensive, and we do not address them here.
Finally, and as an illustrative example, we present the complete MR matrix structure, for
the orbifold set of parameters taken in Eq. (4.33), tanβ = 5, θ13 = 1◦, αν
c
= ε5 and the
light-neutrino spectrum of Eq. (4.46):
MR =
 3.86× 10
11 1.73× 1012 −3.35× 1013
1.73× 1012 7.73× 1012 −1.50× 1014
−3.35× 1013 −1.50× 1014 2.92× 1015
 GeV . (4.47)
Using this matrix one can check that both a high seesaw scale and additional mixings involving
the right-handed neutrinos should be invoked in order to reproduce the correct neutrino masses
and mixings. The eigenvalues for the Majorana mass matrix (which correspond to the masses
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of the heavy neutrinos) are
{mR1 , mR2 , mR3} = {1.43× 107, 2.12× 1010, 2.93× 1015} GeV, (4.48)
From these values one can see that, due to the mixing in the upper-left 2 × 2 block matrix in
Eq. (4.47), we encounter a very suppressed mass eigenvalue. For different regimes in the relevant
parameters considered (tanβ, θMNS13 , α
νc and the light-neutrino mass spectrum) one can check
that this eigenvalue may be even sufficiently small to lie at the TeV scale, being thus potentially
detectable. The other eigenvalues, as can be seen in Fig. 4.10, remain always heavy, between
1010 and 1016 GeV.
Although phenomenological viable, these last implementation of a type-I seesaw is, as previ-
ously mentioned, neither related to the geometry of the orbifold, nor to the dynamics associated
with FI breaking. In what follows, we pursue one final avenue, possibly leading to a more
appealing seesaw realisation.
4.4.3 A viable seesaw from the FI breaking
As mentioned, a third possibility for reproducing the observed neutrino masses and mixings may
be related with assuming a more complex FI breaking. Here, we briefly outline the idea, for
the simplest case of one generation. Let us then assume that in addition to the L and νc fields,
which have the standard location
L ↔ • • νc ↔ ×× , (4.49)
there are additional matter fields (triplets, doublet or singlets) ζi, coupled to the Ci fields which
develop very large VEVs, thus inducing FI breaking. One can assume that these fields have the
following assignments with respect to the first two sublattices:
ζ1 ↔ • • ζ2 ↔ × ◦ ζ3 ↔ •×
C1 ↔ • • C2 ↔ ◦ × C3 ↔ •× (4.50)
The latter Ci develop VEVs, ci = 〈C1〉, with ci ≈ O(1016−17) GeV. In principle, one can also
have the following terms in the superpotential
C1 ζ1 L+ C2 ζ2 ζ1 + C2 νc ζ3 + C3 ζ3 ζ3 . (4.51)
With the above proposed lattice assignments, and after FI breaking, this would lead to
c1 ζ1 L+ ε1 ε3 c2 ζ2 ζ1 + ε1 c2 νc ζ3 + c3 ζ3 ζ3 . (4.52)
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In the basis defined by (Lνc ζ1 ζ2 ζ3)T , one would then arrive at the following “mass matrix”
(again neglecting family dependence as a first approach),
MνFI =

0 0 c1 0 0
0 0 0 0 ε1c2
c1 0 0 ε1ε3c2 0
0 0 ε1ε3c2 0 0
0 ε1c2 0 0 c3
 , (4.53)
























Further assuming that we are in the limit where tanβ is low (favoured from several arguments,
as discussed throughout this work), ε1 is smaller than unity. In this limit, and given that c2 ∼ c3,
one would find
m4 ≈ c3 + ε21 c3 , m5 ≈ −ε21 c3 , (4.55)
thus implying the presence of a term in the superpotential behaving like












νc + (2 ε1 c2) ζ3. (4.57)
In the superpotential involving the MSSM fields, the term in Eq. (4.56) would effectively generate
a Majorana mass term for the neutrino field. Thus, an intermediate Majorana scale (lower than
the FI breaking scale, and much heavier than the electroweak scale) would naturally appear,
induced from the dynamics of FI breaking. Other mixings between ζi and the remaining matter
fields could in principle occur, but can be suppressed by some appropriate symmetry.
4.5 Conclusions
In this chapter we have aimed at completing the analysis of the phenomenological viability of
Z3 orbifold compactifications with two Wilson lines, addressing in detail the implications of this
class of scenarios for the lepton sector. Regarding the charged leptons, we verified that the still
unconstrained orbifold parameters, after the analysis of the quark sector in Chapter 3, could
easily account for the observed spectrum. Moreover, and even though one is equally likely to
encounter tree-level contributions to three-body LFV decays, the typical choices of Higgs soft-
breaking masses (taken as to comply with the bounds on neutral meson FCNC) ensure that the
predicted BRs lie several orders of magnitude below the experimental bounds.
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Regarding the neutrino sector, after having imposed the requirements of viable quark masses
and mixings, as well as the correct charged lepton masses, many of the orbifold parameters have
already been constrained. Nevertheless, the orbifold scenarios still offer several possibilities.
Albeit promising, we verified that the hypothesis of strictly Dirac neutrinos requires that the
fields entering the FI breaking should have extremely hierarchical VEVs, forcing to call upon ef-
fective non-renormalisable couplings. Implementing a type-I seesaw mechanism via extra singlet
fields whose interactions are dictated by the orbifold configuration reveals to be equally difficult.
Complying with the measured mass squared differences favours VEVs for the Majorana singlets
far higher than for the other fields. This again introduced the need to interpret these fields
as effective non-renormalisable fields. Additionally, this mechanism fails in accommodating the
current bounds on the neutrino mixing angles.
The need of additional mixing involving the Majorana singlet sector, and of an intermediate
scale of about 109−10 GeV motivated us to consider a third possibility. We have thus assumed
that the smallness of the light neutrino masses is indeed explained by a type-I seesaw mechanism,
where nor the scale, nor the mixings of the heavy singlets are predicted by the orbifold. In this
case we verified that neutrino masses and mixings can be easily obtained, with a particularly
interesting possibility which is that of a TeV-mass Majorana singlet.
In spite of the latter, it would be theoretically more appealing and consistent to have neutrino
masses and mixings strictly from geometrical argumentations and/or from FI breaking. We
pursued this challenging possibility, finding that in the simplest one-generation case, a slightly
more involved FI breaking can indeed give rise to a Majorana mass term, with a scale far lower
than that of FI breaking, and much higher than the electroweak scale.

Conclusions
In this Thesis we have analysed some of the main topics related to superymmetric scenarios with
three Higgs families, applying the results to heterotic orbifold constructions and model building.
In Chapter 1 we have reviewed the fundamental tools for the developement of heterotic-string
scenarios compactified on orbifolds, looking for explicit models with standard-like gauge group
and also a realistic massless spectrum. We have explained how to obtain phenomenologically
promising models through orbifolds, concentrating on the particular case of Z3 orbifolds with two
Wilson lines, since they naturally contain three generations of matter. We have also reviewed the
problem of anomaly cancellation and its solution via the Fayet-Iliopoulos (FI)D-term. The effect
of the FI cancellation is also crucial for reducing the gauge group down to SU(3)×SU(2)×U(1)Y
and obtaining a particle content similar to that of the MSSM, with the existence of some extra
matter and the generic appearance of three Higgs families.
In Chaper 2 we have verified that models which predict family replication in the Higgs sector
offer very aesthetic and phenomenologically interesting scenarios [52]. Although the motivation
for extending the Higgs sector can be justified from the theoretical point of view (in non-minimal
SUSY models, GUTs or string constructions, for example), in most cases the viability of these
extensions is challenged by the occurrence of potentially dangerous FCNCs at the tree-level. We
have analysed the most general form of the SUSY potential with three Higgs families, studying
its minimisation, and deriving the tree-level expressions for the neutral (scalar and pseudoscalar)
and charged Higgses mass matrices. This analysis is also instrumental in addressing fine-tuning
issues within the multi-Higgs models. Concerning this, we have found that, below an overall
SUSY scale of order 1 TeV, the probability of cancellation between soft masses in order to
succesfully break the electroweak symmetry ranges between 1% and 10%.
Needless to say, the huge quantity of degrees of freedom in the potential introduced by
the additional µ terms and the soft masses gives us a high uncertainty in the choice of the
correct pattern. This undesired ambiguity leads to the problem of finding an adequate choice of
parameters for the Higgs sector. In the analysis presented here, the µ terms and the soft-breaking
masses were taken as free parameters. However, this need not be so. In what concerns the µ
123
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terms, one can build models assuming that the bilinear terms arise dynamically (as it happens
in the Next-to-Minimal Supersymmetric Standard Model (NMSSM) [140] or the “µ from ν”
Supersymmetric Standard Model (µνSSM) [141, 142]). This possibility offers very interesting
scenarios that deserve further analysis.
One of the main goals in our study of the Higgs sector was to derive a model-independent
evaluation of the tree-level contributions to neutral meson mass differences. We have computed
the most general expression for the tree-level contributions to the mass difference of the neutral
meson systems mediated by the neutral Higgses. We took into account the exchange of all
Higgs states, including the effects of mixing in the Higgs sector, and made no approximation
with respect to dominant/sub-dominant contributions. This analysis is completely general,
and can be applied to any given model with three Higgs families, independently of its Yukawa
structure. As an example, we assumed a simple ansatz for the Yukawa couplings and considered
the contributions of two distinct Higgs spectra to the K0, Bd, Bs and D0 mass differences,
finding that the strongest bound - which as expected arises from ∆mK - requires a spectrum of
order 10 TeV.
It is worth remarking that the results for the Higgs masses are strongly dependent on the
specific ansatz for the Yukawa couplings. Other ansa¨tze, that account for a stronger hierarchy
in the quark sector and still accommodate experimental data on quark masses and mixings,
may generate quite smaller contributions to ∆mK , and thus require a lighter Higgs spectrum.
On the other hand, it is also possible that while generating smaller contributions to ∆mK , the
different ansa¨tze induce larger ∆mB, or ∆mD.
In addition to the contributions to neutral meson mass differences, within the quark sector
there are other processes that also deserve further investigation. For example, let us mention, at
the one loop level, the very suppressed SM and MSSM Bs decays. Processes involving the lepton
sector also offer an even wider field for testing the new contributions induced by the additional
Higgses (neutral and charged). CP violation, given the potential tree-level contributions to εK ,
may also become a stringent bound.
In Chapter 3 we have employed the results derived in Chapter 2 in order to investigate
whether it is possible to find Z3 orbifold configurations with three Higgs families compatible
with an experimentally viable low-energy scenario [53]. In particular, we have studied their
ability to obtain realistic masses and mixings in the quark sector, avoiding potential problems
with FCNCs.
Let us recall that orbifold models provide a beautiful geometric mechanism for the generation
of the fermion mass hierarchy. The Yukawa couplings are explicitly calculable, and thus a
solution to the elusive flavour problem of the SM and MSSM can be explored. The fact that
additional Yukawas are present due to the existence of three families of Higgses, opens the
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possibility of obtaining correct fermion masses and mixings, entirely at the renormalisable level.
Our analysis here has been a phenomenological “bottom-up” one. That is the particles were
assigned to fixed points in a way that can reproduce the experimental data. In addition the
scheme relies on the mixing between fields due to the FI breaking. We have not completed a
full analysis of minimising the potential along D- and F - flat directions after the breaking, but
we have made use of the very general features that such a minimization should have, namely
mixing of the would-be MSSM fields with other singlet, doublet and triplet fields that couple to
heavy fields. Under these assumptions, we have successfully reproduced the observed pattern of
quark masses and mixings. Let us remark, however, that this severely constrains the orbifold
parameters.
On the other hand, having six Higgs doublets (and thus six quark Yukawa couplings) poses
the potential problem of having tree-level FCNCs. By assuming simple textures for the Higgs free
parameters, we have verified that the experimental data on the neutral kaon mass difference,
as well as on ∆mBd and ∆mBs can be easily accommodated for a quite light Higgs spectra,
namely mh0i . 1 TeV. The data from the D
0 sector proves to be a more difficult challenge,
requiring a Higgs spectrum of at least 7 TeV, but we again stress that, in view of the theoretical
and experimental uncertainties associated with the D0 sector, this constraint should not be
over-emphasised.
CP violation can be also embedded into the low-energy theory. Although CP is a gauge
symmetry of the full theory, it can be spontaneously broken at the string scale, if the VEVs
of the moduli have a non-vanishing phase. We have parameterised these effects and we have
verified that one can also obtain a value for εK in agreement with current experimental data.
In Chapter 4 we have aimed at completing the analysis of the phenomenological viability of
Z3 orbifold compactifications, addressing in detail the implications of this class of scenarios in the
lepton sector [54]. Regarding the charged leptons, we have verified that the still unconstrained
orbifold parameters can easily account for the observed spectrum. Moreover, and even though
one is equally likely to encounter tree-level contributions to three-body LFV decays, the typical
choices of Higgs soft-breaking masses (taken as to comply with the bounds on neutral meson
FCNC) ensure that the predicted BRs lie several orders of magnitude below the experimental
bounds.
Regarding the neutrino sector, after having imposed the requirements of viable quark masses
and mixings, as well as the correct charged lepton masses, many of the orbifold parameters have
already been constrained. Nevertheless, the orbifold scenarios still offer several possibilities.
Albeit promising, we verified that the hypothesis of strictly Dirac neutrinos requires that the
fields entering the FI breaking should have extremely hierarchical VEVs, forcing to call upon ef-
fective non-renormalisable couplings. Implementing a type-I seesaw mechanism via extra singlet
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fields whose interactions are dictated by the orbifold configuration reveals to be equally difficult.
Complying with the measured mass squared differences favours VEVs for the Majorana singlets
far higher than for the other fields. This again introduced the need to interpret these fields
as effective non-renormalisable fields. Additionally, this mechanism fails in accommodating the
current bounds on the neutrino mixing angles.
The need of additional mixing involving the Majorana singlet sector, and of an intermediate
scale of about 109−10 GeV motivated us to consider a third possibility. We have thus assumed
that the smallness of the light neutrino masses is indeed explained by a type-I seesaw mechanism,
where nor the scale, nor the mixings of the heavy singlets are predicted by the orbifold. In this
case we verified that neutrino masses and mixings can be easily obtained, with a particularly
interesting possibility which is that of a TeV-mass Majorana singlet. In spite of the latter,
it would be theoretically more appealing and consistent to have neutrino masses and mixings
strictly from geometrical argumentations and/or from FI breaking. We pursued this challenging
possibility, finding that in the simplest one-generation case, a slightly more involved FI breaking
can indeed give rise to a Majorana mass term, with a scale far lower than that of FI breaking,
and much higher than the electroweak scale.
As a final summary, we can say that supersymmetric models with three Higgs families offer an
interesting framework for studying physics beyond the Standard Model, with phenomenological
properties that can be easily tested within the next generation of colliders. As an example of
this class of multi-Higgs models, orbifold scenarios offer very interesting possibilities to obtain
realistic values for the masses and mixings of the Standard-Model fermions. Particularly, for the
case of quarks and charged leptons, the agreement between specific scenarios and experimental
data turns out to be possible. For the case of the neutrino sector, it would appear that a new high-
energy “seesaw” scale must be introduced in order to explain the suppression of neutrino masses.
Nevertheless, the assumption of a more involved FI mixing could account for the generation of
the desired scale. Regarding the Higgs sector, the commonly assumed danger coming from the
tree-level FCNCs can be avoided for a fairly light Higgs mass spectrum between 100 GeV and
1 TeV. From a phenomenological point of view, all these properties make the orbifold scenarios
considered in this work very attractive. Their relevance and further study as good tools for string
model building will crucially depend on the confirmation of their most characteristic property,
that is the existence of three Higgs generations in the low-energy spectrum. Fortunately, the
certainty of this hypotesis will soon be tested. In a near future, the LHC will conduct extensive
searches of the Higgs boson. If any of the experiments collects data suggesting the existence of
more than one pair of SUSY Higgs doublets, this would point to a supersymmetric realization
of Nature which could potentially be described by these type of Z3 orbifold models with two
Wilson lines.
Conclusiones
En esta Tesis hemos analizado algunos de los aspectos fundamentales relacionados con modelos
supersime´tricos con tres familias de Higgses. Los resultados obtenidos han sido aplicados a
escenarios de orbifolds de la cuerda hetero´tica.
En el Cap´ıtulo 1 hemos repasado las herramientas principales para la construccio´n de es-
cenarios de la cuerda hetero´tica compactificada en orbifolds, buscando modelos expl´ıcitos con
el grupo gauge del Modelo Esta´ndar y un espectro de baja energ´ıa realista. Hemos descrito
las herramientas ba´sicas para la obtencio´n de modelos fenomenolo´gicamente prometedores por
medio del uso de orbifolds, concentra´ndonos en el caso concreto de orbifolds Z3 con dos l´ıneas de
Wilson, que de forma natural contienen tres generaciones de materia. Tambie´n hemos estudiado
el problema de la cancelacio´n de anomal´ıas en estos escenarios, as´ı como su solucio´n mediante el
te´rmino D de Fayet-Iliopoulos (FI). El efecto de la cancelacio´n FI resulta adema´s crucial para
reducir el grupo gauge hasta SU(3) × SU(2) × U(1)Y , obteniendo un espectro de part´ıculas
similar al del MSSM, con la existencia de materia extra y la presencia gene´rica de tres familias
de Higgses.
En el Cap´ıtulo 2 hemos verificado que los modelos que predicen una replicacio´n en el sector
de Higgs proporcionan escenarios este´tica y fenomenolo´gicamente interesantes [52]. Aunque la
motivacio´n de extender el sector de Higgs puede resultar justificada desde el punto de vista
teo´rico (en modelos SUSY no mı´nimos, GUTs o construcciones de cuerdas, por ejemplo), en
la mayor´ıa de los casos la viabilidad de estas extensiones ha de enfrentarse a la existencia de
FCNCs a nivel a´rbol potencialmente peligrosas. Hemos realizado un ana´lisis completamente
general de un potencial supersime´trico con tres familias de Higgs, estudiando su minimizacio´n y
derivando las expresiones a nivel a´rbol de las matrices de masa de los Higgses neutros (escalares
y pseudoescalares) y de los cargados. Este ana´lisis resulta tambie´n de intere´s para estudiar el
grado de fine tuning de los modelos multi-Higgs. Respecto a esto u´ltimo hemos encontrado
que, por debajo de una escala global de SUSY de orden 1 TeV, la probabilidad de cancelacio´n




Obviamente, la gran cantidad de grados de libertad en el potencial introducidos por los
te´rminos µ adicionales y las masas soft proporciona una considerable incertidumbre en la eleccio´n
correcta de la estructura del sector de Higgs. En el estudio aqu´ı presentado, los te´rminos µ y las
masas soft se tomaron como para´metros libres. Sin embargo, esta eleccio´n no es la u´nica posible.
En lo que respecta a los te´rminos µ, se podr´ıa considerar otro tipo de modelos en el que los
te´rminos bilineales surgen dina´micamente (como sucede en el Next-to-Minimal Supersymmetric
Standard Model (NMSSM) [140] o en el “µ from ν” Supersymmetric Standard Model (µνSSM)
[141, 142]). Esta posibilidad ofrece escenarios interesantes que merecer´ıan ser estudiados en
detalle en el futuro.
Una de las metas principales de nuestro estudio del sector de Higgs ha sido obtener una
evaluacio´n independiente del modelo de las contribuciones a las diferencias de masa de sistemas
de mesones neutros a nivel a´rbol. Hemos calculado la expresio´n ma´s general para la contribucio´n
a dichas diferencias de masas mediadas por los Higgses, teniendo en cuenta el efecto del inter-
camio de todos los estados de Higgs, sin hacer aproximaciones con respecto a contribuciones
dominantes/subdominantes. Este ana´lisis es completamente general y puede ser aplicado a
cualquier modelo con tres familias de Higgs, independientemente de su estructura de Yukawa.
Como ejemplo, hemos tomado una textura sencilla de Yukawa y hemos calculado las contribu-
ciones de dos espectros diferentes de Higgs a las diferencias de masas de los sitemas K0, Bd,
Bs y D0, encontrando que la cota ma´s restrictiva (que como cabe esperar, procede de ∆mK)
requiere un espectro del orden de 10 TeV.
Es interesante destacar el hecho de que el espectro de Higgs compatible con los experimentos
depende fuertemente de la textura de acoplos de Yukawa elegida. Otras elecciones compatibles
con valores realistas para los quarks y sus mezclas que presenten una jerarqu´ıa mayor en sus
Yukawas, podr´ıan generar menores contribuciones a ∆mK , permitiendo por tanto un espectro
de Higgs ma´s ligero. Por otra parte, es tambie´n posible que incluso generando contribuciones
menores a ∆mK , se pudiesen producir resultados mayores para ∆mB o para ∆mD.
Adema´s de las contribuciones a las diferencias de masa en los sistemas de mesones neutros,
dentro del sector de los quarks existen otros procesos que tambie´n merecen ser tenidos en cuenta
en el futuro, como es por ejemplo el caso de las desintegraciones a un loop del meso´n Bs, muy
suprimidas en el SM y en el MSSM. Los procesos relacionados con el sector lepto´nico tambie´n
ofrecen un marco amplio en el que probar las nuevas contribuciones inducidas por los Higgses
adicionales (neutros y cargados). La violacio´n de CP, dadas las contribuciones potenciales a εK
a nivel a´rbol, pueden tambie´n ofrecer cotas restrictivas.
En el Cap´ıtulo 3 hemos empleado los resultados obtenidos previamente en el Cap´ıtulo 2
para investigar la posibilidad de encontrar configuraciones de orbifolds Z3 con tres familias de
Higgses compatibles con un escenario viable a baja energ´ıa [53]. En concreto, hemos estudiado
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su capacidad para obtener masas y mezclas realistas en el sector de quarks, sin superar los
l´ımites experimentales sobre FCNCs.
Los modelos de orbifolds proporcionan un atractivo mecanismo geome´trico para generar la
jerarqu´ıa de masas de los fermiones. Los acoplos de Yukawa se pueden calcular expl´ıcitamente,
lo que nos permite explorar una posible solucio´n al esquivo problema del sabor del SM y el
MSSM. El hecho que exista un mayor nu´mero de acoplos de Yukawa debido a la presencia de
las tres familias de Higgses, abre la posibilidad de obtener masas y mezclas correctas para los
fermiones exclusivamente a trave´s de acoplos renormalizables,
Nuestro ana´lisis ha sido de tipo “bottom-up”. En e´l las part´ıculas fueron asignadas a los
puntos fijos de forma que se pueda reproducir los datos experimentales. Adema´s, el esquema
depende de la mezcla entre campos producida por la ruptura FI. Aunque no hemos realizado
un ana´lisis completo de la minimizacio´n del potencial a lo largo de las direcciones planas D- y
F -, hemos empleado las caracter´ısticas generales que habr´ıa de tener dicha minimizacio´n, esto
es, la mezcla de los campos del MSSM iniciales con otros campos singlete, doblete o triplete que
se acoplan a campos pesados. Con esta hipo´tesis, hemos reproducido correctamente el patro´n
obeservado de las masas de los quarks, as´ı como sus mezclas. Debemos mencionar, no obstante,
que este proceso restringe severamente los para´metros del orbifold.
Por otra parte, la existencia de seis dobletes de Higgs (y por tanto de seis matrices de acoplos
de Yukawa) presenta el problema potencial de la aparicio´n de FCNCs a nivel a´rbol. Empleando
texturas sencillas para los para´metros libres del sector de Higgs, hemos verificado que las cotas
experimentales sobre la diferencia de masas de kaones, as´ı como ∆mBd y ∆mBs se satisfacen
de forma natural para espectros de Higgses relativamente ligeros, con masas mh0i . 1 TeV. En
contraposicio´n, los datos sobre el sector D0 han resultado ser problema´ticos, requiriendo un
espectro de Higgses de al menos 7 TeV. No obstante, debemos recordar de nuevo que, teniendo
en cuenta la incertidumbre teo´rica y experimental asociada al sector D0, no deber´ıamos dar a
este hecho una importancia excesiva.
La violacio´n de CP tambie´n puede ser incluida en la teor´ıa a baja energ´ıa. Aunque CP es una
simetr´ıa de la teor´ıa completa, puede ser rota de forma esponta´nea a la escala de la cuerda, si
los VEVs de los moduli poseen una fase distinta de cero. Hemos parametrizado esta posibilidad,
verificando que se puede obtener un valor de εK de acuerdo con su valor experimental.
En el Cap´ıtulo 4, hemos completado el ana´lisis de la viabilidad fenomenolo´gica de las com-
pactificaciones de orbifolds Z3, estudiando en detalle las implicaciones de esta clase de escenarios
en el sector lepto´nico [54]. En lo que respecta a los leptones cargados, hemos verificado que los
para´metros del orbifold no fijados por el sector de quarks pueden proporcionar fa´cilmente el
espectro observado. Adema´s, a pesar de la existencia de contribuciones a nivel a´rbol a desinte-
graciones a tres cuerpos, una eleccio´n t´ıpica de masas soft (compatible tambie´n con las cotas de
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FCNCs en mesones) garantiza que los BRs permanezcan por debajo de los l´ımites experimen-
tales.
En el sector de neutrinos, despue´s de haber impuesto que los modelos proporcionen masas y
mezclas viables para los quarks, muchos de los para´metros del orbifold se encuentran ya fijados.
Con todo, los escenarios de orbifolds au´n ofrecen diversas posibilidades. La hipo´tesis de emplear
neutrinos de tipo exclusivamente Dirac, a pesar de resultar prometedora en un primer momento,
requiere que los campos participando en la ruptura FI posean VEVs extremadamente jera´rquicos,
obliga´ndonos al uso de acoplos efectivos no renormalizables. Implementar un mecanismo de
seesaw tipo I por medio de singletes cuyas interacciones este´n dictadas por la configuracio´n del
orbifold ha resultado ser igualmente problema´tico. Satisfacer las diferencias de masas medidas
experimentalmente favorece que los VEVs de los singletes de Majorana sean mucho mayores que
los de los otros campos. Esto introduce de nuevo la necesidad de interpretarlos como campos no
renormalizables efectivos. Adema´s, los a´ngulos de mezcla obtenidos por medio de este me´todo
no son completamente satisfactorios.
La necesidad de una mayor mezcla dentro del sector de Majorana y de una escala intermedia
del orden de 109−10 GeV nos lleva a considerar una tercera posibilidad. Hemos asumido que la
masa de los neutrinos es descrita por un mecanismo seesaw tipo I, donde ni la escala ni la mezcla
de los singletes pesados son predichas por el orbifold. Para este caso verificamos que las masas
de los neutrinos y sus mezclas pueden ser fa´cilmente obtenidas, con la interesante posibilidad de
un singlete de Majorana con masas de orden 1 TeV.
A pesar de lo anterior, desde el punto de vista teo´rico resultar´ıa ma´s atractivo y consis-
tente que las masas y las mezclas de los neutrinos procedieran de argumentos estrictamente
geome´tricos y/o de la ruptura FI. Hemos perseguido esta interesante posibilidad, encontrando
que en el caso ma´s sencillo de una u´nica generacio´n un patro´n de ruptura FI ma´s complejo
podr´ıa dar lugar a te´rminos de Majorana con una escala menor que la asociada con la ruptura
FI y a la vez mucho mayor que la escala electrode´bil.
Como resumen final, podemos decir que los modelos supersime´tricos con tres familias de
Higgses ofrecen un marco interesante para el estudio de la f´ısica ma´s alla´ del Modelo Esta´ndar,
con propiedades fenomenolo´gicas que podra´n ser fa´cilmente verificadas por la pro´xima generacio´n
de aceleradores. Como ejemplo esta clase de modelos multi-Higgs, los modelos de orbifolds
ofrecen posibilidades satisfactorias para obtener valores realistas de las masas y mezclas de
los fermiones del Modelo Esta´ndar. En concreto, para el caso de los quarks y los leptones
cargados, la coincidencia entre escenarios espec´ıficos y datos experimentales ha resultado ser
posible. En el caso del sector de neutrinos da la impresio´n de que, si queremos explicar la gran
supresio´n existente en sus masas, tendr´ıamos que introducir necesariamente una escala “seesaw”
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de alta energ´ıa. No obstante, la hipo´tesis de una mezcla ma´s complicada durante la ruptura FI
podr´ıa ser capaz de generar la escala deseada. En lo que respecta al sector de Higgs, el riesgo
proveniente de las FCNCs a nivel a´rbol puede ser evitado para espectros de Higgs ligeros entre
100 GeV y 1 TeV. Desde un punto de vista fenomenolo´gico, todas estos factores hacen que los
modelos de orbifolds considerados resulten muy atractivos. Su relevancia y futuro estudio como
buenas herramientas para la construcio´n de modelos de cuerdas dependera´ de forma crucial de
la confirmacio´n de su propiedad ma´s caracter´ıstica: la existencia de tres generaciones de Higgses
en el espectro de baja energ´ıa. Afortunadamente, la certeza de esta hipo´tesis podra´ ser pronto
contrastada. En un futuro ya muy cercano, el LHC realizara´ una bu´squeda exhaustiva del boso´n
de Higgs. Si cualquiera de sus experimentos obtiene datos que sugieran la existencia de ma´s de
un par de dobletes de tipo up y down, ello apuntar´ıa hacia una realizacio´n supersime´trica de la
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